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Abstract
The past seventeen years have witnessed tremendous progress on the experimental and theo-
retical explorations of the multiquark states. The hidden-charm and hidden-bottom multiquark
systems were reviewed extensively in Ref. [1]. In this article, we shall update the experimental and
theoretical efforts on the hidden heavy flavor multiquark systems in the past three years. Espe-
cially the LHCb collaboration not only confirmed the existence of the hidden-charm pentaquarks
but also provided strong evidence of the molecular picture. Besides the well-known XY Z and
Pc states, we shall discuss more interesting tetraquark and pentaquark systems either with one,
two, three or even four heavy quarks. Some very intriguing states include the fully heavy exotic
tetraquark states QQQ¯Q¯ and doubly heavy tetraquark states QQq¯q¯, where Q is a heavy quark.
The QQQ¯Q¯ states may be produced at LHC while the QQq¯q¯ system may be searched for at BelleII
and LHCb. Moreover, we shall pay special attention to various theoretical schemes such as the
chromomagnetic interaction (CMI), constituent quark model, meson exchange model, heavy quark
and heavy diquark symmetry, QCD sum rules, Faddeev equation for the three body systems,
Skyrme model and the chiral quark-soliton model, and the lattice QCD simulations. We shall
emphasize the model-independent predictions of various models which are truly/closely related to
Quantum Chromodynamics (QCD). For example, the chromomagnetic interaction arises from the
gluon exchange which is fundamental and universal in QCD and responsible for the mixing and
mass splitting of the conventional mesons and baryons within the same multiplet. The same CMI
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mechanism shall also be responsible for the mixing of the different color configurations and mass
splittings within the multiplets in the multiquark sector. There have also accumulated many lattice
QCD simulations through multiple channel scattering on the lattice in recent years, which provide
deep insights into the underlying structure/dynamics of the XY Z states. In terms of the recent
Pc states, the lattice simulations of the charmed baryon and anti-charmed meson scattering are
badly needed. We shall also discuss some important states which may be searched for at BESIII,
BelleII and LHCb in the coming years.
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1 Introduction
In the past decades, hadron physicists show great interest in hunting for evidences of the multiquark
states. As a new form of matter beyond conventional mesons (q¯q) and baryons (qqq), multiquark states
containing more than three quarks are of special importance in the hadron family. Especially, with the
observations of various charmonium-like XY Z states, the study of multiquark states has entered upon
a new era.
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In this article, we will give a concise review on the research progress of the tetraquark (q¯q¯qq) and
pentaquark (q¯qqqq) states, which are typical multiquark matters. Before doing that, let us first look
back on the history of particle/hadron physics. It is well known that the development of quantum
mechanics is closely related to the study of atomic spectroscopy, which reveals the mysterious veil of
the atom’s microstructure. Here, we find a similar situation that the study of hadron spectroscopy is
bringing us new insights into the internal structure and dynamics of hadrons.
In the early 1960s, many strongly interacting particles were observed in particle/nucleon experi-
ments, which were named as “hadron” by L. B. Okun later [2]. Based on these observations, M. Gell-
Mann and G. Zweig independently developed the classification scheme for hadrons—the quark model [3,
4, 5]. Especially, the name “quark” was given by M. Gell-Mann to denote the substructure of hadrons.
The quark model achieves a great success, and it is a milestone in the development of particle physics.
A well-known example is the prediction of the baryon with three strange quarks, that is the Ω. It
was discovered in 1964 [6] after its existence, mass, and decay products had been predicted in 1961
independently by M. Gell-Mann [7] and Y. Ne’eman [8].
Then we would like to mention the establishment of the Cornell model. In 1974, as the first state
in the charmonium family, the J/ψ was discovered by the E598 Collaboration [9] and the SLAC-SP-
017 Collaboration [10], which confirmed the existence of the charm quark [11]. After that, a series
of charmonia were discovered, such as the ψ(3686) [12], ψ(3770) [13], ψ(4040) [14], ψ(4160) [15], and
ψ(4415) [16], etc. Based on these experimental observations, the Cornell model was proposed [17, 18],
which uses the Cornell potential V (r) = −k/r + r/a2 [19] to depict the interaction between the charm
and anti-charm quarks. This potential consists of both the Coulomb-type and linear potentials, which
can well reproduce masses of the above observed charmonia at that time. Inspired by the Cornell model,
various potential models were developed [20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33], among
which the Godfrey-Isgur model [33] is quite popular. This model contains the semi-relativistic kinetic
and potential energy terms, which can be applied to quantitatively describe not only meson spectra
[33] but also baryon spectra [34]. These phenomenological models, inspired by the charmonium family,
greatly improve our understanding of the internal structure and dynamics of conventional mesons and
baryons.
Nowadays several hundreds of hadrons have been observed in particle experiments, most of which
can be categorized into two families: baryons made of three quarks and mesons made of one quark and
one antiquark [35]. They are formed by the up, down, strange, charm, and bottom quarks/antiquarks
(the top quark has a very short lifetime and therefore does not form hadrons), which are governed
by the strong interaction. Although the mechanism of the color confinement remains one of the most
difficult problems in particle physics, various phenomenological models were proposed to quantitatively
describe the hadron spectroscopy. Due to the joint efforts from the particle/hadron theorists and
experimentalists, the meson and baryon families have been nearly complete, and almost all the ground-
state hadrons have been discovered. Especially, the doubly charmed baryon Ξ++cc (3621) was recently
discovered by LHCb Collaboration [36].
Other than hundreds of conventional mesons and baryons, there were only tens of multiquark candi-
dates observed in particle experiments, although the concept of the multiquark states appeared together
with the birth of the quark model. For example, M. Gell-Mann indicated [3]: ”Baryons can now be
constructed from quarks by using the combinations (qqq), (qqqqq¯), etc., while mesons are made out of
(qq¯), (qqq¯q¯), etc”, and G. Zweig [5] also wrote: ”In general, we would expect that baryons are built not
only from the product of these aces, AAA, but also from A¯AAAA, A¯A¯AAAAA, etc., where A¯ denotes
an anti-ace. Similarly, mesons could be formed from A¯A, A¯A¯AA, etc”. Due to the constraint of reliable
experimental and theoretical techniques, the study of the multiquark states was far from satisfactory
before 2003. At that time, theorists mainly focused on a) the light scalar mesons σ, κ, a0(980), and
f0(980), b) the scalar mesons f0(1370), f0(1500), and f0(1710), and c) the Λ(1405), and discussed their
possible interpretations as multiquark states and glueballs (see review articles [37, 38] for details).
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Figure 1: Observations of some typical exotic hadronic states.
2003 is an important year in the history of the multiquark states. Since 2003, there has been
continuous progress in this field. With the accumulation of experimental data, a series of charmonium-
like XY Z states were reported (see Fig. 1), which stimulated us to reveal their exotic inner structures.
We shall try our best to convey the progress and excitement to the readers in the present review. Here
are several typical examples:
• The BES and BESIII Collaborations reported a series of light-flavor multiquark candidates, in-
cluding the X(1860) observed in the J/ψ → γpp¯ decay [39], the X(1835) in J/ψ → γη′pi+pi−
[40, 41], the X(1812) in J/ψ → γωφ [42], the Y (2175) in J/ψ → ηφf0(980) [43, 44], and so
on. These observations inspired extensive discussions, and various exotic interpretations such as
multiquark states were proposed. Since the present review mainly focuses on the heavy-flavor
multiquark states, interested readers may consult Ref. [38] for more information.
• In 1997, Diakonov et al. predicted the existence of a light-flavor pentaquark with the chiral
soliton model [45], which has a mass around 1530 MeV, spin 1/2, isospin 0 and strangeness +1.
In 2003, LEPS Collaboration claimed that a narrow Θ+(1540) particle consistent with the above
prediction was observed in the γn → K+K−n reaction [46]. Very quickly, the Θ+(1540), as a
pentaquark candidate, became a super star at that time [47]. Unfortunately, it was not confirmed
by the subsequent series of high precise experiments [48]. The Θ+(1540) is probably not a genuine
resonance [49]. The rise and fall of the Θ+(1540) unveiled our ignorance on the non-perturbative
behavior of quantum chromodynamics. The lessons and experience with the Θ+(1540) have been
helpful in the search of the pentaquark and tetraquark states.
• In 2003, BaBar Collaboration observed a narrow heavy-light state D∗s0(2317) in the D+s pi0 invariant
mass spectrum [50]. Since the mass of the D∗s0(2317) is about 100 MeV lower than the quark model
prediction of the P -wave charmed-strange meson with JP = 0+ [33], its tetraquark explanation
was proposed in Refs. [51, 52, 53]. A similar situation happened to the Ds1(2460) observed by
CLEO Collaboration [54]. The strong channel coupling between the S-wave DK(K∗) scattering
states and bare quark model cs¯ states plays a pivotal role in lowering the masses of the D∗s0(2317)
and Ds1(2460) [55, 56].
• Still in 2003, X(3872), as the first particle in charmonium-like XY Z family, was discovered by
Belle Collaboration [57]. Since the mass of the X(3872) is close to the threshold of the DD¯∗
pair, its assignment as the DD¯∗ molecular state is very popular. We note that its nature is still
under heated debates today. Similar to the D∗s0(2317) and Ds1(2460), there also exists a low mass
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puzzle related to the X(3872). Its mass is much lower than the quark model prediction of the
charmonium χc1(2P ) state [33]. Again, the coupled channel effect may mediate this difference
[58].
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Figure 2: Charmonium-like XY Z states from B meson decays and the e+e− annihilation.
In the past 17 years, more and more candidates of the exotic hadrons were observed in the Belle,
BaBar, BESIII, D0, CDF, CMS, and LHCb experiments, such as a) the charmonium-like XY Z states
Y (4260), Zc(4430), and Zc(3900), b) the bottomonium-like states Zb(10610) and Zb(10650), and c)
the hidden-charm pentaquark states Pc(4380) and Pc(4450), etc. In Figs. 2-3, we summarize these
observations concisely. An extensive review of the states observed before 2016 can be found in Ref. [1].
Here we briefly introduce the experimental observations after 2016:
• In the J/ψφ invariant mass spectrum of the B → K J/ψ φ decay, LHCb established the existence
of the Y (4274) structure with 6σ significance [59, 60]. This state has a mass M = 4273.3±8.3+17.2−3.6
MeV, width Γ = 56.2±10.9+8.4−11.1 MeV, and quantum numbers JPC = 1++. Before this observation,
CDF and CMS had reported an evidence of a structure around 4274 MeV in the J/ψφ invariant
mass spectrum [61, 62]. Besides the Y (4274) structure, two extra structures with higher masses
were found in the J/ψφ invariant mass spectrum, which are the X(4500) and X(4700) with
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Figure 3: Charmonium-like XY Z states from the double charmonium production process, the γγ fusion
process, the hadronic decays of the Y (4260), and some other processes.
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JP = 0+. Their resonance parameters in units of MeV are [59, 60]
MX(4500) = 4506± 11+12−15, ΓX(4500) = 92± 21+21−20, (1)
MX(4700) = 4704± 10+14−24, ΓX(4700) = 120± 31+42−33. (2)
• In 2017, BESIII Collaboration presented more precise measurements of the e+e− → pi+pi−J/ψ
cross section at the center-of-mass energy from 3.77 to 4.60 GeV [63] and the e+e− → pi+pi−hc
cross section at the center-of-mass energy from 3.896 to 4.600 GeV [64]. Three vector structures
Y (4220), Y (4320) and Y (4390) were reported with the resonance parameters in units of MeV:
states mass width channel
Y (4220) 4222.0± 3.1± 1.4 44.1± 4.3± 2.0 pi+pi−J/ψ
4218.4+5.5−4.5 ± 0.9 66.0+12.3−8.3 ± 0.4 pi+pi−hc
Y (4320) 4320± 10.4± 7.0 101.4+25.3−19.7 ± 10.2 pi+pi−J/ψ
Y (4390) 4391.5+6.3−6.8 ± 1.0 139.5+16.2−20.6 ± 0.6 pi+pi−hc
.
In fact this updated analysis of the e+e− → pi+pi−J/ψ cross section [64] shows that the Y (4260)
contains two substructures, the Y (4220) and Y (4320).
• The Belle Collaboration carried out an analysis of the e+e− → J/ψDD¯ cross section, and con-
cluded that a broad structure X∗(3860) exists in the DD¯ invariant mass spectrum, which has a
mass M = 3862+26+40−32−13 MeV and width 201
+154+88
−67 −82 MeV [65]. Their result shows that J
PC = 0++
is favored over JPC = 2++ at the level of 2.5σ [65].
• A new charged structure Zc(4032) was reported by BESIII Collaboration in the ψ(3860)pi+ in-
variant mass spectrum of the e+e− → Y (4260) → ψ(3860)pi+pi− process [66]. BESIII confirmed
the vector charmonium-like structure Y (4220) in the ψ(3860)pi+pi− invariant mass spectrum.
• In 2018, LHCb found the evidence of a structure in the ηc(1S)pi− invariant mass spectrum of the
B0 → ηc(1S)K+pi− decay, which was named as the X(4100) with a mass M = 4096± 20+18−22 MeV
and width Γ = 152 ± 58+60−35 MeV [67]. The LHCb measurement also indicated that the X(4100)
structure may be described under the spin-parity JP = 0+ or JP = 1+ assignments [67].
Figure 4: Three new hidden-charm pentaquarks observed by the LHCb Collaboration. Figures were
taken from Ref. [68].
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• Very recently, the LHCb Collaboration announced the observation of three new pentaquarks [68] at
the Rencontres de Moriond QCD conference, as shown in Fig. 4. In the measured J/ψp invariant
mass spectrum, a new pentaquark Pc(4312) was discovered with a 7.3σ significance. The new
LHCb analysis further found that the Pc(4450) is composed of two substructures Pc(4440) and
Pc(4457) with 5.4σ significance. Their resonance parameters are collected as following
Pc(4312)
+ : m = 4311.9± 0.7+6.8−0.6 MeV,
Γ = 9.8± 2.7+3.7−4.5 MeV,
Pc(4440)
+ : m = 4440.3± 1.3+4.1−4.7 MeV,
Γ = 20.6± 4.9+8.7−10.1 MeV,
Pc(4457)
+ : m = 4457.3± 1.3+0.6−4.1 MeV,
Γ = 6.4± 2.0+5.7−1.9 MeV.
The isospin of Pc(4312), Pc(4440) and Pc(4457) is I = 1/2 since these three pentaquarks were
discovered in the J/ψp channel. The Pc(4312)
+ lies below the Σ+c D¯
0 threshold, while the masses
of the Pc(4440)
+ and Pc(4457)
+ are slightly lower than the Σ+c D¯
∗0 threshold. The observation of
Pc(4312), Pc(4440) and Pc(4457) clearly confirms the hidden-charm molecular pentaquarks.
The present situation of the charmonium-like XY Z and Pc states is a bit similar to a) that of the
ground-state mesons and baryons in 1960s, and b) that of the charmonia in 1980s. With such abundant
novel phenomenon, the most important task is to identify the genuine tetraquark and pentaquark signals.
There have accumulated hundreds of investigations of the tetraquark and pentaquark systems with
various phenomenological models. In this review, we will introduce several typical phenomenological
methods/models and their applications to multiquark states.
Our previous review focused on the hidden-charm and hidden-bottom multiquark systems [1]. In
the present article, we will summarize the experimental and theoretical progress on the hidden-charm
tetraquark and pentaquark states in the past three years. Besides the hidden heavy flavor systems, we
shall discuss more interesting tetraquark and pentaquark systems either with open heavy flavor or with
three/four heavy quarks. These new states include the exotic tetraquarks QQQ¯Q¯ and QQq¯q¯ systems
where Q is a heavy quark. The QQQ¯Q¯ states may be produced at LHC while the QQq¯q¯ system may
be searched for at BelleII. Moreover, we will summarize theoretical predictions of the multiquark states
from various formalisms such as the chromomagnetic interaction (CMI), constituent quark model, meson
exchange model, heavy quark and heavy diquark symmetry, QCD sum rules, Faddeev equation for the
three body systems, Skyrme model and the chiral quark-soliton model, and the lattice QCD simulations.
We shall pay special attention to those theoretical schemes which are not covered or not addressed in
depth in our previous review [1], such as the chromomagnetic interaction, heavy quark symmetry etc.
We shall emphasize the model-independent predictions of these models which are truly/closely related
to Quantum Chromodynamics (QCD).
Besides the present article and our previous review [1], there exist many nice reviews of the XYZ
states in literature [69, 70, 71, 72, 73, 74, 75, 76]. Interested readers are encouraged to consult them for
a glimpse of this extremely active and vast field.
2 SU(6) symmetry and Chromomagnetic interaction (CMI)
The hyperfine structure for atoms is induced by the spin-related interaction between electrons and
nuclei. In a similar situation, the hyperfine structure in hadron spectroscopy is from the spin-related
interaction between quarks or between quarks and antiquarks. In the Hamiltonian or Lagrangian
formalism, such a term contains a color factor since quarks interact in the color space. The simple
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color-magnetic interaction arises from the one-gluon-exchange potential and causes the mass splittings
of the conventional hadrons, whose color configuration is unique. After the inclusion of the quark
mass, one obtains an effective description method for hadron masses, which is the Hamiltonian of the
color-magnetic interaction or chromomagnetic interaction (CMI) model.
Although the CMI model is simple and the results may sometimes deviate from reality, it is helpful
to understand the basic features of hadron spectra through the estimated masses, see Ref. [77] for
detailed arguments. This type of simple models together with symmetry analysis can also be helpful
to confirm dynamical models to some extent. For example, from the analysis of the mass splittings
of the conventional mesons and baryons, the author of Ref. [78] concluded that the Cornell potential
(Coulomb+linear) is the preferred model.
Within the multiquark systems, there may exist two or more color configurations. For example, one
may decompose the fully heavy tetraquark (QQ)A(Q¯Q¯)B into two clusters. There are two possible color
configurations: 6A × 6¯B and 3¯A × 3B. The ~λi · ~λj type color-electric interactions do not induce mixing
between different color configurations. In contrast, the chromomagnetic interaction will not only mix
two different color configurations, but also cause the mass splitting within the multiplets.
Recent developments in spectroscopy motivated the proposal of improved CMI models or methods
which are becoming powerful tools in studying interesting multiquark states. We shall discuss recent
developments about the model and application methods in this section.
2.1 Hamiltonian for the CMI model
A realistic quark potential model generally includes the quark kinetic term, color Coulomb term,
color-spin interaction term, spin-orbital term, tensor term, and color confinement term. Considering
the Hamiltonian in Ref. [79] for the S-wave hadrons (where the sin-orbit and tensor interactions vanish)
and ignoring the electromagnetic part, one has
Hˆ =
{
L(~r1, ~r2, ...) +
∑
i
(m0i +
~p2i
2m0i
) +
1
4
∑
i<j
αs ~λi · ~λj
[ 1
|~r| −
pi
2
δ3(~r)
( 1
m20i
+
1
m20j
)
− 1
2m0im0j
(~pi · ~pj
|~r| +
~r · (~r · ~pi)~pj
|~r|3
)]}
− pi
6
∑
i<j
αsδ
3(~r)
~λi · ~λj~σi · ~σj
m0im0j
. (3)
Here, the Gell-Mann matrix λi should be replaced by −λ∗i for an antiquark, L is responsible for the
quark binding, ~ri, ~pi, and m0i are the position, momentum, and constituent mass of the i-th (anti)quark,
respectively, and ~r = ~ri − ~rj. The average on the orbital wave function Ψ0 (L = 0) gives
H = 〈Ψ0|Hˆ|Ψ0〉 ≡
∑
i
mi −
∑
i<j
Cij ~λi · ~λj~σi · ~σj =
∑
i
mi +HCMI ,
M =
∑
i=1
mi + 〈HCMI〉, (4)
wheremi containing various effects is the effective mass for the ith (anti)quark and Cij = 〈αsδ3(~r)〉pi/(6m0im0j).
The coupling parameter Cij is also written as v/(mimj) in the literature. Note that 〈αsδ3(~r)〉 or v for
mesons differs from that for baryons. This mass expression is also called Sakharov-Zeldovich formula
[80, 78].
Now, the model contains only the color-spin operator and this Hamiltonian should have an SU(6)cs
symmetry. The eigenstate of H is also that of SU(6)cs. One may express the eigenvalue on a state with
Casimir operators. For a state containing only identical quarks whose flavor-spin-color wave function
is ϕ, one has [81, 82]
〈ϕ| −
∑
i<j
(λi · λj)(σi · σj)|ϕ〉 = 8N + 4
3
S(S + 1) + 2C2[SU(3)c]− 4C2[SU(6)cs], (5)
10
where N is the number of quarks, S is the total spin, and the definitions for the quadratic Casimir
operators are
C2[SU(2)] =
1
4
( N∑
i
~σi
)2
, C2[SU(3)] =
1
4
( N∑
i
~λi
)2
,
C2[SU(6)] =
1
8
[2
3
( N∑
i
~σi
)
+
( N∑
i
~λi
)2
+
( N∑
i
~σi~λi
)2]
. (6)
If a representation is specified by the Young diagram [f1, ..., fg], one has
C2[SU(g)] =
1
2
[∑
i
fi(fi − 2i+ g + 1)− N
2
g
]
. (7)
For a quark-antiquark pair or two quarks without constraint from the Pauli principle, the color part
and spin part can be calculated separately and the formula in this special case is
〈ϕ|(λi · λj)(σi · σj)|ϕ〉 = 4
[
C2[SU(3)c]− 8
3
][
S(S + 1)− 3
2
]
. (8)
If Cij = C and one acts HCMI on a multiquark system whose quark content is q
mq¯n (n + m > 3), the
average value can be expressed as [83, 84]
〈ϕ|HCMI |ϕ〉 = C
{
8N + 4C2[SU(6)cs, tot]− 4
3
Stot(Stot + 1)− 2C2[SU(3)c, tot]
+4C2[SU(3)c, q] +
8
3
Sq(Sq + 1)− 8C2[SU(6)cs, q]
+4C2[SU(3)c, q¯] +
8
3
Sq¯(Sq¯ + 1)− 8C2[SU(6)cs, q¯]
}
. (9)
Now, N = n + m is the total number of quarks and antiquarks. One may also consult Ref. [85] for
more information.
In principle, the symmetry breaking should be considered. Then the coupling parameters can be
different for different flavors and more complicated CMI expressions may be obtained (see Eq. (5) of Ref.
[84]). In addition, mixing between different color-spin structures may be induced by the chromomagnetic
interaction. The number of base states for a given JPC is generally larger than one and we need to
know all the relevant CMI expressions which can be calculated with the knowledge of group theory
[86, 87, 88]. After diagonalizing the obtained matrices 〈HCMI〉’s, one obtains eigenvalues of HCMI .
Alternatively, one may directly calculate the matrix elements with the constructed wave functions in
color and spin spaces separately and then combine the results together [89]. If the results in the two
spaces have the form
〈ϕk|HC |ϕl〉 =
∑
i<j
〈ϕk|Cijλi · λj|ϕl〉 =
∑
i<j
aklijCij,
〈ϕk|HS|ϕl〉 =
∑
i<j
〈ϕk|Cijσi · σj|ϕl〉 =
∑
i<j
bklijCij, (10)
where k or l is the label of a base state, one gets (See also Ref. [77])
〈ϕk|HCMI |ϕl〉 = −
∑
i<j
(aklijb
kl
ij )Cij ≡
∑
i<j
XklijCij. (11)
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2.2 CMI models
In principle, the values of mi and Cij in the CMI model (4) should be different for various systems,
which can be understood from the reduction procedure in getting the Hamiltonian. However, it is
difficult to exactly calculate these parameters for a given system without knowing the spatial wave
function. Practically, they are extracted from the masses of conventional hadrons by assuming that
quark-(anti)quark interactions are the same for all the hadron systems. This assumption certainly
leads to uncertainties on mass estimations. The uncertainty caused by mi does not allow us to give
accurate multiquark masses while the uncertainty in coupling parameters has smaller effects and the
mass splittings should be more reliable. To give reasonable description for hadron spectra in the CMI
model, one usually uses modified mass equation based on the adopted assumptions or chooses refined
parameters in calculations. In the literature, different forms of CMI Hamiltonians can be found. Here
we summarize several versions of the model in studying heavy quark multiquark states.
• Models with diquark assumption. The S-wave correlated quark-quark state (diquark) with color=3¯
is assumed [90, 91], where the spin of the diquark can be 1 and 0 (see Ref. [92] for a review).
For the light-light diquark, the spin-0 state is more tightly bound than the spin-1 state. For
the heavy-light diquark, the difference between the spin-1 and spin-0 states is suppressed by the
heavy quark mass. The formation mechanism of tetraquark states in the diquark configuration
was pictured in Ref. [93] and the hypothesis that diquarks and antidiquarks in tetraquarks are
separated by a potential barrier was introduced in Ref. [94]. In this diquark approximation, the
Hamiltonian for q1q2q¯3q¯4 tetraquark states has the form [95, 96]
H = m[q1q2] +m[q3q4] + 2(κq1q2)3¯(Sq1 · Sq2) + 2(κq3q4)3¯(Sq¯3 · Sq¯4) + 2κq1q¯3(Sq1 · Sq¯3)
+2κq1q¯4(Sq1 · Sq¯4) + 2κq2q¯3(Sq2 · Sq¯3) + 2κq2q¯4(Sq2 · Sq¯4) + 2A~L · (~Sq1q2 + ~Sq¯3q¯4) +
B
2
~L2,(12)
or the form [97]
H = M00 +
1
2
B~L2 − 2a~L · ~S + 2κ′q1q2(~Sq1 · ~Sq2) + 2κ′q3q4(~Sq¯3 · ~Sq¯4)]. (13)
The former (latter) Hamiltonian is for the “type-I” (“type-II”) diquark-antidiquark model where
orbital excitation between the diquark and the antidiquark is involved. In the type-II model,
the spin-spin interactions between quark components in different diquarks are ignored and the
coupling coefficients have different values from those in the type-I model.
• Model with triquark assumption. To understand the inner structure of the LHCb pentaquark
states, Lebed proposed the diquark-triquark picture in Ref. [98] where the triquark is composed
of a diquark and an antiquark. The diquarks from their generation are always in the color-3¯
representation [93]. This picture is different from the one proposed in Ref. [99] where the diquark
in the triquark is in the color-6 representation. Another difference lies in the stability. The diquark-
triquark state in Ref. [99] looks like a static molecule stabilized by a P -wave barrier, while the
state in Ref. [98] can exist in each partial wave and can last as long as the components continue
to separate. Compared with the diquark-diquark-antiquark configuration, the antiquark belongs
to a compact component of the pentaquark, although the two configurations have the same color
structure. This diquark-triquark picture allows the assignment consistent with LHCb data and
can qualitatively explain the measured widths. The effective Hamiltonian in this diquark-triquark
picture can be written in a form similar to the model (12) [100],
H = mδ +mθ +H
δ
SS +H
θ¯
SS +H
δθ¯
SS +HSL +HLL, (14)
where δ (θ¯) indicates the diquark (triquark) and the subscripts of H mean the spin-spin, spin-
orbital, and orbital-orbital interactions within or between different clusters.
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• Model with the chromoelectric term. In Ref. [101], Hogaasen et al generalized the CMI model by
including the chromoelectric term,
H =
∑
i
mi −
∑
i,j
Aij~λi · ~λj −
∑
i,j
Cij~λi · ~λj~σi · ~σj, (15)
where the effective quark masses have different values from those in Eq. (4) because of the non-
vanishing Aij. The contributions from the chromoelectric term were implicitly included in the
model (4).
Ref. [102] adopted a modified form of (15) to discuss the masses of the doubly and triply heavy
conventional baryons. The model Hamiltonian reads
H = −3
4
∑
i<j
mij ~Fi · ~Fj −
∑
i<j
vij ~Si · ~Sj ~Fi · ~Fj, (16)
where Fi = λi/2, Si = σi/2, and mij is the to-be-fitted mass parameter of the quark pair labeled
with i and j.
• Model motivated with a QCD-string-junction picture [103]. Noting the fact that the effective
quark masses and coupling parameters determined from mesons differ from those from baryons,
Karliner, Rosner, and Nussinov proposed a method to estimate hadron masses in Refs. [104, 105].
Since there is no junction (but one QCD string) for conventional mesons and one junction (and two
additional QCD strings) for conventional baryons, a universal constant S is added to the baryon
mass expression. For tetraquark states, the number of S added to mass expressions is 2 because
there are two junctions (and two more QCD strings). Besides, a correction term B representing
additional binding is usually needed. Therefore, the mass formula in this model generally has the
form
M = M0 + xS +B +MHF , (17)
where M0 is the effective quark mass term, x is an integer, and MHF is the hyperfine splitting
term.
• Method with a reference mass scale. From the explicit calculations, one finds that the model (4)
usually gives higher masses for conventional hadrons (see Table 2 for a comparison). According to
our studies for various multiquark systems [106, 107, 108, 109, 110, 111, 112, 113], the obtained
masses with this model are also the largest values we can obtain. They should be higher than
the realistic masses. Here, “realistic” means “measured” by assuming that the states do exist.
These observations indicate that the attractions between quark components in this simple model
are not sufficiently considered. In order to reduce the uncertainties and obtain more appropriate
estimations, one may adopt an alternative form of the mass formula.
Introducing a reference system and modifying the mass formula, one gets
M = (Mref − 〈HCMI〉ref ) + 〈HCMI〉, (18)
where Mref and 〈HCMI〉ref are the physical mass of the reference system and the corresponding
CMI eigenvalue, respectively. For Mref , one may use the mass of a reference multiquark state or
use the threshold of a reference hadron-hadron system whose quark content is the same as the
considered multiquark states. With this method, the problem of using extracted quark masses
from conventional hadrons in multiquark systems [114] is evaded and part of missed attraction
between quark components is phenomenologically compensated. Whether this manipulation gives
13
results close to realistic masses or not can be tested in more studies. In fact, such an estimation
method had been applied to the multiquark states many years ago [77, 115, 116].
In calculating the CMI matrix elements for the multiquark states, we consider all the color-spin
configurations and the important color mixing effects [117]. When one adopts this method, more
than one thresholds or scales may exist. Since the size of a multiquark state is expected to be
larger than that of a conventional hadron and the distance between quark components may be
larger, the attraction between quark components should be weaker. The highest masses seem to
be more reasonable in this method and we use this assumption in our studies, although we cannot
give a definite answer for the problem which threshold should be adopted. From the theoretical
studies in recent years, it seems that the predicted masses with such a strategy are still lower than
the realistic values. That is,
max(M(18)) < Mrealistic < M(4), (19)
where M(18) and M(4) are obtained with Eqs. (18) and (4), respectively.
2.3 CMI and Conventional hadrons
The parameters in CMI models are effective masses and coupling coefficients. In the simplest CMI
model (4), one may extract effective quark masses and most of the coupling parameters with the known
hadrons. There are different approaches to determine them, by fitting the masses of all known hadrons,
by fitting the masses of mesons and baryons differently, or by just extracting their values with parts
of hadron masses. A set of the extracted effective quark masses is mn = 361.7 MeV (n = u, d),
ms = 540.3 MeV, mc = 1724.6 MeV, and mb = 5052.8 MeV while the obtained coupling parameters
are listed in Table 1. For the unknown Ccb¯, its value was extracted with the meson masses predicted
in the Godfrey-Isgur (GI) model [33]. For the unknown Css¯, Ccc, Cbb, and Ccb, the approximation
Cqq/Cqq¯ = Cnn/Cnn¯ ≈ 2/3 [78, 118] has been used. This approximation seems to be applicable for all
the coupling parameters. The parameters presented here are consistent with those in the literature, e.g.
[95, 104].
Table 1: Coupling parameters in units of MeV. The value of Ccb¯ is estimated with the mass splitting
in the GI model [33]. The approximations Ccc = kCcc¯, Cbb = kCbb¯, Ccb = kCcb¯, and Css¯ = Css/k have
been adopted, where k ≡ Cnn/Cnn¯ ≈ 2/3.
Cnn = 18.4 Cns = 12.1 Cnc = 4.0 Cnb = 1.3 Css = 6.5 Csc = 4.5 Csb = 1.2 Ccc = 3.3 Cbb = 1.8 Ccb = 2.0
Cnn¯ = 29.8 Cns¯ = 18.7 Cnc¯ = 6.6 Cnb¯ = 2.1 Css¯ = 10.5 Csc¯ = 6.7 Csb¯ = 2.3 Ccc¯ = 5.3 Cbb¯ = 2.9 Ccb¯ = 3.3
When substituting these parameters into Eq. (4) for various conventional hadrons and comparing
the obtained masses with experiments (Table 2), it is obvious that most theoretical masses are higher
than the measured masses. This observation illustrates that the effective attraction is not appropriately
considered in the model (4). To reproduce the masses of the conventional hadrons in acceptable un-
certainties in the CMI model, it is necessary to adopt modified Hamiltonian by including more effects.
In the mentioned CMI models, only two models, (15) or (16) and (17), are appropriate to achieve the
task. Recently, with the model (17), Karliner and Rosner obtained reasonable masses for conventional
mesons and baryons in Ref. [104]. The predicted mass of Ξcc, 3627 ± 12 MeV, is very close to that
measured by LHCb, 3621.40±0.72±0.14 MeV [36]. With the extended CMI model whose Hamiltonian
is given in Eq. (16), Weng, Chen, and Deng explored in Ref. [102] the masses of doubly and triply heavy
baryons. The parameters were obtained by fitting masses of known hadrons and they can reproduce
the baryon masses well. The calculated Ξcc mass (3633.3± 9.3 MeV) is also close to that measured by
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LHCb. For other predicted masses, the values in these two methods are also consistent with each other.
All the predicted QQq and QQQ masses are not far from the lattice results [119, 120], either. The
studies indicate that the CMI model is still powerful once chromoelectric interactions are appropriately
considered, although the model is very simple.
2.4 CMI and QQ¯qq¯
Most of the observed XY Z states belong to this category. Decades ago, such type of tetraquark
states had been discussed after the excited charmonium state ψ(2S) was observed. Since the observation
of the X(3872) in 2003, more and more heavy hadrons with exotic properties were observed and partly
confirmed in the following years. If the states have explicit exotic quantum numbers, they are good
tetraquark candidates. Otherwise, some of these states may be conventional heavy quarkonia which
are affected heavily by the mixing effects with four-quark components. It’s possible some states are
molecules or compact tetraquarks with non-exotic quantum numbers. In some cases, there exist non-
resonant explanations. We are still far from understanding the nature of the QQ¯qq¯ states. Here, we
first concentrate on recent theoretical studies and developments within the CMI models, especially in
recent three years. One may consult studies about the QQ¯qq¯ states before 2016 in our previous review
[1].
In Ref. [95], Maiani et al discussed the nature of X(3872) in the “type-I” diquark-antidiquark model
(12). As the 1++ tetraquark state, the properties of X(3872) such as its narrow width and isospin
breaking in decay can be understood. Within this model, they also discussed the properties of X(3940)
[now called X(3915)], Ds(2317), Ds(2460), and DsJ(2632). Latter in Ref. [121], they interpreted
Y (4260) as the first orbital excitation of a diquark-antidiquark state ([cs][c¯s¯]). In Refs. [122, 123], the
Z(4430) was identified as the first radial excitation of the tetraquark basic supermultiplet to which
X(3872) belongs. In Ref. [96], the authors studied the csc¯s¯ states with different JPC and predicted a
0−+ state at 4277 MeV decaying into J/ψφ.
Hogaasen, Richard, and Sorba discussed the nature of X(3872) in the tetraquark configuration with
the mass equation (4) in Ref. [124]. By introducing the annihilation term and different masses for the
u and d quarks, they found that the X(3872) may be interpreted as a cnc¯n¯ tetraquark state where the
cc¯ pair is mostly a color-octet state. This configuration can also explain the rough ratio between the
J/ψρ and J/ψω decay modes. However, their parameters could not be applied to the hidden-bottom
tetraquark states.
Cui et al. considered the partner states of the X(3872) with the mass equation (4) [88]. They
determined the coupling parameter by assuming the X(3872) as a cnc¯n¯ tetraquark. With the obtained
parameters, the masses of all the ground states with the configurations QqQ¯q¯, QQq¯q¯, and QQQ¯q¯ were
estimated, where Q = c, b and q = u, d, s.
Stancu explored the spectrum of csc¯s¯ tetraquarks with the CMI model (4) after the observation of
the Y (4140) [114]. The results suggest that the Y (4140) could be the strange partner of X(3872) with
JPC = 1++ in a tetraquark interpretation. The later LHCb measurement for the X(4274) [60] indicates
that the mass splitting between the X(4274) and X(4140) is consistent with the CMI model prediction.
Tetraquark states were also studied with the CMI model (4) together with the possible qqqq¯q¯q¯ hex-
aquark states [125]. The X(4140) and X(4350) can be assigned as 1++ and 0++ csc¯s¯ states, respectively.
In a schematic study of the S-wave bb¯qq¯ (q = u, d, s) tetraquarks with the CMI model (4), the
authors of Ref. [126] obtained the 1+ bub¯d¯ or bdb¯u¯ states with masses 10612 MeV and 10683 MeV,
which are compatible with the Zb(10610) and Zb(10650).
In Refs. [127, 128], Ali et al considered the tetraquark interpretation for the bottomonium-like states
Zb(10610) and Zb(10650) with I
G(JP ) = 1+(1+). They assumed that these mesons are [bu][b¯d¯] diquark-
antidiquark states produced in the decay of the Y (10890) which was also assumed to be a tetraquark
state [129, 130]. Using the Hamiltonian (12) and including the meson loop effects, they were able to
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Table 2: Comparison for hadron masses measured by experiments (Ex.)[35] and calculated by using Eq.
(4), where Xq ≡ Cbc + Cbq + Ccq and Yq ≡
√
(2Cbc − Cbq − Ccq)2 + 3(Ccq − Cbq)2 with q being n or s.
Hadron CMI Th. Ex. (Th.-Ex.) Hadron CMI Th. Ex. (Th.-Ex.)
pi −16Cnn¯ 246.6 139.6 107 ρ 163 Cnn¯ 882.3 775.3 107
K −16Cns¯ 602.8 493.7 109 K∗ 163 Cns¯ 1001.7 891.8 110
ω 16
3
Cnn¯ 882.3 782.7 100
φ 16
3
Css¯ 1136.7 1019.5 117
D −16Ccn¯ 1980.7 1869.7 111 D∗ 163 Ccn¯ 2121.5 2010.3 111
Ds −16Ccs¯ 2157.7 1968.3 189 D∗s 163 Ccs¯ 2300.6 2112.2 188
B −16Cbn¯ 5380.9 5279.5 102 B∗ 163 Cbn¯ 5425.7 5324.7 101
Bs −16Cbs¯ 5556.3 5366.9 189 B∗s 163 Cbs¯ 5605.4 5415.4 190
ηc −16Ccc¯ 3364.4 2983.9 381 J/ψ 163 Ccc¯ 3477.5 3096.9 381
ηb −16Cbb¯ 10059.2 9399.0 660 Υ 163 Cbb¯ 10121.1 9460.3 661
Bc −16Cc¯b 6724.6 6274.9 450 B∗c [33] 163 Cc¯b 6795.0
N −8Cnn 937.9 938.3 0 ∆ 8Cnn 1232.3 1232.0 0
Σ 8
3
(Cnn − 4Cns) 1183.7 1189.4 -6 Σ∗ 83 (Cnn + 2Cns) 1377.3 1382.8 -6
Λ −8Cnn 1116.5 1115.7 1
Ξ 8
3
(Css − 4Cns) 1330.6 1314.9 16 Ξ∗ 83 (Css + 2Cns) 1524.2 1531.8 -8
Ω 8Css 1672.9 1672.5 0
Λc −8Cnn 2300.8 2286.5 14
Σc
8
3
(Cnn − 4Ccn) 2454.4 2454.0 0 Σ∗c 83 (Cnn + 2Ccn) 2518.4 2518.4 0
Ξc −8Cns 2529.8 2467.9 62
Ξ′c
8
3
(Cns − 2Ccn − 2Ccs) 2613.5 2577.4 36 Ξ∗c 83 (Cns + Ccn + Ccs) 2681.5 2645.5 36
Ωc
8
3
(Css − 4Ccs) 2774.5 2695.2 79 Ω∗c 83 (Css + 2Ccs) 2846.5 2765.9 81
Λb −8Cnn 5629.0 5619.6 9
Σb
8
3
(Cnn − 4Cbn) 5811.4 5811.3 0 Σ∗b 83 (Cnn + 2Cbn) 5832.2 5832.1 0
Ξb −8Cns 5858.0 5794.5 64
Ξ′b
8
3
(Cns − 2Cbn − 2Cbs) 5973.7 5935.0 39 Ξ∗b 83 (Cns + Cbn + Cbs) 5993.7 5955.3 39
Ωb
8
3
(Css − 4Cbs) 6137.9 6046.1 92 Ω∗b 83 (Css + 2Cbs) 6157.1
Ξcc
8
3
(Ccc − 4Ccn) 3777.0 3621.4 156 Ξ∗cc 83 (Ccc + 2Ccn) 3841.0
Ωcc
8
3
(Ccc − 4Ccs) 3950.2 Ω∗cc 83 (Ccc + 2Ccs) 4022.2
Ξbb
8
3
(Cbb − 4Cbn) 10458.2 Ξ∗bb 83 (Cbb + 2Cbn) 10479.0
Ωbb
8
3
(Cbb − 4Cbs) 10637.9 Ωbb 83 (Cbb + 2Cbs) 10657.1
Ξbc
8
3
(−Xn − Yn) 7106.6
Ξ′bc
8
3
(−Xn + Yn) 7132.4 Ξ∗bc 83Xn 7158.7
Ωbc
8
3
(−Xs − Ys) 7281.2
Ω′bc
8
3
(−Xs + Ys) 7312.9 Ω∗bc 83Xs 7338.3
Ωccc 8Ccc 5200.0
Ωbbb 8Cbb 15172.7
Ωccb
8
3
(Ccc − 4Cbc) 8489.0 Ω∗ccb 83 (Ccc + 2Cbc) 8521.6
Ωbbc
8
3
(Cbb − 4Cbc) 11813.2 Ω∗bbc 83 (Cbb + 2Cbc) 11845.8
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reproduce their measured masses [35].
After the observation of the Zc(3900), Maiani et al interpreted it as the tetraquark state around
3880 MeV [131], which was predicted in their previous study within the diquark-antidiquark model
(12) [95]. They also discussed the possibility of another peak around 3760 MeV.
In Ref. [101], Hogaasen et al used the Hamiltonian (15) to discuss possible partner states of the
X(3872). Their fitted parameters can reproduce the mass spectrum of the cc¯nn¯ states obtained with
Eq. (4) in Ref. [124]. The 1+ bb¯nn¯ states (I = 0 and I = 1) may lie around 10.62 GeV, and the
Zb(10610)
± or Zb(10650)± is such a tetraquark candidate, whose (bb¯) component is almost a color-octet
state. They also identified the Zc(3900) implied in Ref. [124] as the corresponding cnc¯n¯ tetraquark.
After the development of meson spectroscopy for about ten years, many candidates of exotic hadrons
were reported. To understand their possible natures, the “type-II” model (13) was proposed in Ref. [97].
According to this model, the X(3872) is still the state with the flavor wave function [cn]S=1[c¯n¯]S=0 +
[cn]S=0[c¯n¯]S=1; the other combination [cn]S=1[c¯n¯]S=0 − [cn]S=0[c¯n¯]S=1 and [cn]S=1[c¯n¯]S=1 can form the
Zc(3900) and Zc(4020) with J
P = 1+; the X(3915) and X(3940) are identified to be [cn]S=1[c¯n¯]S=1 with
JP = 0+ and [cn]S=1[c¯n¯]S=1 with J
P = 2+, respectively. Within these assignments, the quark-quark
interactions are assumed to be stronger while the quark-antiquark interactions are negligible, which
implies that the assumed diquarks in tetraquarks are more compact than those in conventional baryons.
In the P = − case, six exotic vector states can be assigned: the Y (4260) has the same spin structure
and spin interactions as the X(3872) but has an additional P -wave excitation between the diquark and
the antidiquark, the Y (4008) is the orbitally excited [cn]S=0[c¯n¯]S=0, the Y (4630) is the Stot = 2 P -wave
state, the Y (4290) or Y (4220) is identified as the orbitally excited Stot = 0 [cn]S=1[c¯n¯]S=1 state with
JPC = 1−−, and the Y (4660) and Y (4360) are the first radial excitations of Y (4260) and Y (4008),
respectively. The observed decay Y (4260)→ γX(3872) was argued to be a natural consequence of the
diquark-antidiquark description for these two states [132].
The authors of Ref. [133] assumed the [Qq]3¯c [Q¯q¯]3c diquark-antidiquark configuration. Noticing
the similar color structure between the assumed diquark-antidiquark system and the quark-antiquark
system, the authors estimated the masses in a similar way,
mJ(qq¯) = mq +mq¯ + J(J + 1)∆, (20)
where q can also be a scalar or axialvector diquark. After considering the mass shifts due to the
recombined meson-meson rescattering effects, they presented the masses of [cn][c¯n¯], [cs][c¯s¯], and [cn][c¯s¯]
tetraquark states.
After assuming the X(3872) as a 1++ diquark-antidiquark type tetraquark and using it as an input,
the authors of Ref. [134] investigated possible assignments for its partner states through the mass
splittings calculated with the CMI method (18). The masses of two states with 1+− and one state with
2++ fit very nicely to the X(3823), X(3900), and X(3940).
In Ref. [135], Lebed and Polosa proposed that the χc0(3915) [originally called Y (3940), now called
X(3915)] is the lightest 0++ cc¯ss¯ diquark-antidiquark state in the “type-II” model (13). This identifica-
tion may explain its observed width around 20 MeV. After treating the Y (4140) as a 1++ cc¯ss¯ state and
the Y (4230) and Y (4360) as 1−− cc¯ss¯ states, they further interpreted the Y (4008) and Y (4660) as cc¯ss¯
states. Moreover, the X(4350) is interpreted as a 0++ or 2++ cc¯ss¯ tetraquark state, while the Y (4274)
may be an orbitally excited cc¯ss¯ state. In 2006 the LHCb reported other two exotic structures in the
J/ψφ channel [60], the X(4500) and X(4700). In Ref. [136] Maiani et al assigned the Y (4140) as the 1++
ground tetraquark, and the X(4500) and X(4700) as two radially excited diquark-antidiquark states.
They noticed that the X(4274) corresponds to two almost degenerate states with JPC = 0++ and 2++.
Predictions of the other [cs][c¯s¯] states within this picture will be tested by upcoming experiments.
Later Zhu et al presented a study on the hidden charm tetraquarks in the [cq]3¯c [c¯q¯]3c diquark-
antidiquark model (12) [137]. The authors proposed the following assignments: the Zc(3900) with
JP = 1+ can be explained as [cn]3¯c [c¯n¯]3c , the Zc(4020) with J
P = 1+ is a companion of Zc(3900), the
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Z(4430) is the radial excitation of Zc(3900), the X(4140) and X(4274) may be the 1
+ tetraquarks with
the flavor wave function (uu¯+ dd¯− 2ss¯)cc¯, the X(4500) and X(4700) may be the radial excitations of
the 0+ tetraquarks with (uu¯+ dd¯+ ss¯)cc¯ and (uu¯+ dd¯− 2ss¯)cc¯ respectively, and the Y (4260) may be
an orbitally excited diquark-antidiquark tetraquark.
In Ref. [138], Ali et al studied the JPC = 1−− Y tetraquark states with an extended Hamiltonian
of the model (13) by including the tensor coupling contributions. Only two scenarios are consistent
with the Belle, BaBar, and BESIII data in the diquark-antidiquark picture. Each scenario contains
four Y states. Scenario I contains Y (4008), Y (4260), Y (4360), and Y (4660), while Scenario II contains
Y (4220), Y (4330), Y (4390), and Y (4660).
In Ref. [106], we updated estimations for the mass spectrum of the csc¯s¯ tetraquark states with the
CMI method (18). After assuming the X(4140) to be the lowest JPC = 1++ csc¯s¯ state, we confirmed
the mass splittings obtained in Ref. [114]. We found that the X(4274) should be the other 1++ csc¯s¯
tetraquark, and the X(4350) [139] is probably a 0++ csc¯s¯, while the interpretation of the X(4500) and
X(4700) needs orbital or radial excitations. In this study we also confirmed the mass inequality (19),
and found that Mrealistic is closer to max(M(18)) than to M(4). Similar features may be found in other
systems.
In Ref. [113], we have systematically evaluated the mass spectra of the Q1q2Q¯3q¯4 (Q = c, b and
q = u, d, s) states. Besides the estimation method (18), we also roughly estimated the tetraquark mass
spectra by treating the mass of the X(4140) as an input. The quark mass differences ms − mn and
mb − mc need to be replaced by other values, since quarks get different masses in different systems.
With this replacement method, higher masses than max(M(18)) can be obtained. Such masses satisfy
the inequality (19) and we treat them as realistic values. We show the results for cnc¯n¯ states in Fig. 5.
Results for other systems can also be found in this study [113]. It is possible to assign both the Zc(4100)
and X(3860) to be the 0++ cnc¯n¯ tetraquark states. With the defined measure reflecting effective quark
interactions (see Sec. 2.12), we argued that this assignment is acceptable. Another possible tetraquark
candidate is the Zc(4200), but we need further studies to answer whether the assigned structures are
correct or not. At present, our results with this updated method are higher than the masses obtained
in an early paper [77] where the cnc¯n¯, bnb¯n¯, and cnb¯n¯ states were all found to be stable. The J = 2
cnc¯s¯ and bnb¯s¯ are also weakly bound, although the binding energy in the J = 2 sector is very weak.
2.5 CMI and QQq¯q¯
The study of the doubly heavy tetraquark states QQq¯q¯ (Q = c, b, q = u, d, s) has a long history in
the literature. Various approaches have been applied to such systems, and the most interesting state is
the lowest isoscalar 1+ ccu¯d¯ (or its antiparticle udc¯c¯), named Tcc. The Tcc and its partner tetraquark
states are explicitly exotic. They do not suffer from possible annihilation effects and their inner quark
interactions may provide enough attractions to stabilize the four-quark system. One may consult Refs.
[140, 141, 142, 143, 144, 145, 77, 146, 147, 148, 149, 150, 151, 125, 152, 153, 154, 155, 156, 157, 158] for
relevant investigations before 2003. Whether they are bound or not depends on models and adopted
approximations. Generally speaking, the lowest I(JP ) = 0(1+) states are narrow tetraquarks. Up
to now, neither the Tcc nor any of its partner states have been observed in experiments. Recently,
the confirmation of the Ξcc state reignited interests in these exotic states since the QQq and QQq¯q¯
systems may be related to each other with the heavy quark symmetry (see the following Sec. 5). In
this subsection, we mainly concentrate on recent developments in studies with CMI models since 2003.
In Ref. [88], Cui et al investigated the mass spectrum of the QQq¯q¯ tetraquark states with Eq.
(4) using the mass of X(3872) as input. The obtained mass of the most interesting Tcc state with
I(JP ) = 0(1+) is 3786 MeV. This value is about 100 MeV below the DD∗ threshold and thus this state
should be narrow. The I(JP ) = 0(1+) Tbb is also a stable state. The results in Ref. [125] obtained with
Eq. (4) indicate that the lowest 1+ Tcc state is also below the DD
∗ threshold.
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Figure 5: Relative positions for the cnc¯n¯ tetraquarks (black dashed lines), quark model predictions
for the charmonia (blue dash-dotted lines), observed charmonia (red solid lines), states with exotic
properties (red solid dots), and various meson-meson thresholds (black dotted lines). The masses are
given in units of MeV. The subscripts of threshold symbols are JPC in the S-wave case. Note the results
are the same for the cnc¯n¯ tetraquark states with I = 0 and I = 1. Taken from Ref. [113].
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In Refs. [159, 160], Lee et al argued that the I(JP ) = 0(1+) Tcc, Tbb, and Tcb states may be stable
against rearrangement decays by using a diquark model with Eq. (18). In Refs. [161, 162], the masses
of two I(JP ) = 0(1+) Tcc states were estimated using the model (18), one with the color structure
[cc]3¯c [u¯d¯]3c and the other with [cc]6c [u¯d¯]6¯c . The lower state is 71 MeV below the DD
∗ threshold and the
higher is 54 MeV above the DD∗ threshold. Their productions in e+e− collisions were also investigated.
We have performed a systematic investigation of the qqQ¯Q¯ (Q = c, b, q = u, d, s) states with the
CMI model (18) in Ref. [109], where the mixing effects of different color-spin structures were included.
Considering the uncertainties in the estimation method, the mass of the I(JP ) = 0(1+) udc¯c¯ state
should be larger than 3780 MeV but not exceed 4007 MeV, that of udb¯b¯ should be between 10483 MeV
and 10686 MeV, that of the lowest I(JP ) = 0(0+) udc¯b¯ should be between 7041 MeV and 7256 MeV, and
that of the lowest 0(1+) udc¯b¯ should be between 7106 MeV and 7321 MeV. Most theoretical predictions
fell into these ranges, see comparison tables in Refs. [163, 109]. Our results indicate that the mixing
effects for the udc¯c¯ systems are not so significant. If our lower bounds on the masses were reasonable, the
T I=0cc/bb/cb and nsc¯c¯/nsb¯b¯/nsc¯b¯ states with J
P = 1+ as well as T I=0cb and nsc¯b¯ with J
P = 0+ are probably
stable. Our results for udQ¯1Q¯2 (Q = c, b) are consistent with an early study performed in Ref. [77].
Namely, such states with I(JP ) = 0(1+) are bound. The binding results in these references [77, 109]
for the udc¯b¯ with I(JP ) = 0(0+) and usb¯b¯ with I(JP ) = 1/2(1+) are also consistent. If the mass of the
realistic T I=0cc satisfies the inequality (19) and is closer to 3780 MeV than to 4007 MeV, this tetraquark
seems to be around the DD∗ threshold, a situation similar to the X(3872).
Two investigations based on heavy quark symmetry analysis also show the possible existence of
the doubly heavy tetraquark states [164, 165], which are partly motivated by LHCb observation of the
double-charm baryon Ξcc(3621) [36] since the role of the cc diquark within Tcc is similar to that in
Ξcc(3621). Later, we will further introduce this issue in Sec. 5.
Shortly after the LHCb observation of the Ξcc(3621) [36], also motivated by the success of the model
(17) in predicting the Ξcc mass [104], Karliner and Rosner investigated the masses of the ccu¯d¯, bbu¯d¯,
and bcu¯d¯ in Ref. [166]. They noticed that the I(JP ) = 0(1+) ccu¯d¯ is just about 7 MeV above the
D0D∗+ threshold, the I(JP ) = 0(1+) bbu¯d¯ is about 215 MeV below the B−B¯∗0 threshold, and the
lowest I(JP ) = 0(0+) bcu¯d¯ is 11 MeV below the B¯0D0 threshold. Therefore, they concluded that there
are no stable ccu¯d¯. But there are definitely stable bbu¯d¯ states. The lifetime of the bbu¯d¯ was estimated
to be 367 fs.
In the diquark-antidiquark model (12), the authors of Ref. [167] studied the spectra and decay
properties of the qqc¯c¯ (q = u, d, s) states. For the lowest udc¯c¯, its quantum numbers are JP = 1+ and
its mass is 3.6 GeV. This state is 140 (270) MeV below the DD (DD∗) threshold. For the other P = +
udc¯c¯ states, the masses are 3.94 GeV, 3.97 GeV, and 4.04 GeV for the 0+, 1+, and 2+, respectively.
The masses of the 1− udc¯c¯ states range between 3.82 GeV and 4.14 GeV. The masses of their partner
states, nsc¯c¯ and ssc¯c¯, can also be found in this work. In addition to the study of the mass spectrum,
the authors discussed their (qc¯)-(qc¯) meson-meson and (c¯q¯q¯)-(qqq) antibaryon-baryon decay modes, too.
However, their subsequent calculation with Eq. (4) gives an above-threshold Tccu¯d¯ and a below-threshold
Tbbu¯d¯ by adopting the diquark-antidiquark configuration [168].
2.6 CMI and QQQ¯Q¯
Generally speaking, many XY Z exotic states have been observed in particle experiments, some
of which are good tetraquark candidates, as illustrated in the hidden-heavy case. However, it is still
difficult to distinguish the compact multiquark picture from the molecular picture once two or more
light quarks are involved in the states. For the full-heavy QQQ¯Q¯ (Q = c, b) states, there does not
exist appropriate binding mechanism if they are treated as loosely bound molecules. If such a state
is observed, it can be identified as a compact tetraquark state bound by short-range gluon-exchange
interactions. In the literature, one may also find lots of theoretical studies on the heavy-full tetraquark
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states with various methods, such as MIT bag model and quark potential model [169, 170, 171, 172, 173,
140, 174, 175, 141, 142, 143, 176, 77, 148]. Similar to the Tcc studies, controversial conclusions on their
existence were drawn when different models were applied. In recent years, experimental developments
in search of exotic states reignited our interests in the fully heavy tetraquark states. Here, we focus on
recent theoretical studies on the QQQ¯Q¯ states with CMI models.
In Refs. [177, 178], the mass spectra of the diquark-antidiquark [cc][c¯c¯], [bb][b¯b¯], and [bc][b¯c¯] states
were studied with the Hamiltonian (12). The authors determined the coupling parameters by solving
the nonrelativistic Schro¨dinger equation [179]. The lowest ccc¯c¯ and bcb¯c¯ with JPC = 2++ were found
to be above the J/ψJ/ψ and ΥJ/ψ thresholds, respectively. But the lowest states with other quantum
numbers are all below relevant meson-meson thresholds. These states may be stable.
In Ref. [110], we have systematically investigated the mass spectrum of the QQQ¯Q¯ (Q = c, b)
compact tetraquark states with the method (18). Our estimated values are lower bounds on realistic
tetraquark masses, and it seems that no stable QQQ¯Q¯ states exist. From our study, the only possible
states, which are stable or relatively narrow, are bbb¯c¯ and bcb¯c¯. The unbinding result for the ccb¯b¯ states is
consistent with an early CMI calculation in Ref. [77]. Our conclusions are consistent with those drawn
from dynamical studies within constituent quark models (see Sec. 3). For example, the authors of Ref.
[180] concluded that no narrow bound QQQ¯Q¯ states are expected in experiments. For comparison, their
mass values also satisfy the mass inequality (19). Since their masses are closer to our max(M(18)) than
to M(4), which feature is similar to the csc¯s¯ case, the results in this potential calculation are probably
closer to the realistic case.
In Ref. [105], Karliner et al studied the QQQ¯Q¯ (Q = c, b) states with the model (17) motivated by
the QCD-string-junction picture in the diquark-antidiquark configuration. The predicted lowest-lying
ccc¯c¯ state with JPC = 0++ has a mass 6192± 25 MeV, which is just below the J/ψJ/ψ threshold but
can decay to ηcηc. The predicted lowest bbb¯b¯ has a mass 18826± 25 MeV, which is just 28 MeV above
the ηbηb threshold and may have a width narrow enough to be observed.
Last year, LHCb searched for a possible exotic meson Xbb¯bb¯ in the Υ(1S)µ
+µ− invariant mass distri-
bution in Ref. [181]. Such a study was motivated by theoretical predictions and by the observation of
ΥΥ production by CMS [182]. However, no significant excess was found in the mass range between 17.5
GeV and 20 GeV. The authors of Ref. [183] studied a possible bbb¯b¯ di-bottomonium with the diquark-
antidiquark picture (13). The obtained mass is approximately 100 MeV below the ΥΥ threshold. They
argued that the decay of this state into Υµµ is unlikely to be observed at LHC, which is consistent with
the LHCb experiment [181].
2.7 CMI and QQQ¯q¯
If the QQQ¯Q¯ states do exist, the gluon-exchange interactions would provide enough binding forces
for heavy quarks, and such interactions could also bind three heavy quarks and one light quark into
compact QQQ¯q (Q = c, b, q = u, d, s) states. In such systems, no long-range particle-exchange force
exists, neither. Among these states, the ccb¯q¯ and bbc¯q¯ tetraquarks are explicitly exotic. Although
the Qcc¯q¯ or Qbb¯q¯ tetraquarks look like the excited D, B, Ds, or Bs mesons, their excitation energy
may not be explained by simple orbital or radial excitations if such states were observed in the future
experiments. Similar arguments were used in the prediction of the hidden-charm pentaquarks [184].
Therefore, the exotic tetraquark nature of the QQQ¯q would be easily identified once observed. Up to
now, such systems are poorly studied.
More than twenty years ago, Silvestre-Brac investigated various tetraquark systems with the CMI
method (18) [77]. For the QQQ¯q¯ systems, no bound states with J = 0 but weakly bound ccb¯n¯, bcb¯n¯,
and bcc¯n¯ states with J = 2 were found.
In addition to the QqQ¯q¯ and QQq¯q¯ states, the authors of Ref. [88] also presented results for the
QQQ¯q¯ states using the mass equation (4). From the obtained masses, many states, e.g. the JP = 2+
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qcc¯c¯, qbc¯c¯, and qcb¯b¯, were found to be below their respective lowest threshold of rearrangement decays
and should be narrow.
We have performed a systematic study of the QQQ¯q¯ systems in Ref. [107] with the CMI method
(18). Our results indicate that the lowest tetraquarks are only near-threshold bound or resonant states.
Since our estimated values are just lower bounds on their realistic masses, all such tetraquarks are
probably not stable. However, there may exist relatively narrow and thus detectable states such as bcb¯q¯
and bcc¯q¯ if the interactions inside the diquarks are attractive, although they are above the thresholds
for the rearrangement decay channels.
2.8 CMI and QQ¯qqq
In 2015, LHCb observed two pentaquark-like resonances Pc(4380) and Pc(4450) with opposite P -
parities in the decay Λ0b → J/ψpK− [185]. After that, in Ref. [186], the LHCb collaboration fur-
ther applied a model-independent method to the same sample and the result supports their previous
model-dependent observation. Later in Ref. [187], a full amplitude analysis of Λ0b → J/ψppi− decays
also supports the evidence for exotic hadron contributions from the Pc(4380), Pc(4450), and Zc(4200).
Besides the LHCb, the CLAS12 at JLab may be a possible place to observe the Pc states in J/ψ pho-
toproduction [188, 189]. Its spin and photocouplings may be measured with the future data, too. Now,
the search for the LHCb pentaquark in the photo-production process in Hall C at Jefferson Lab has
been approved [190, 191]. In future, these two Pc states and their partner states can also be searched
for by PANDA/FAIR [192], EIC, and JPARC, etc.
Before the observation of the LHCb Pc states, many studies had been performed on the existence
of possible hidden-charm pentaquarks [184, 193, 194, 195, 196, 197, 198, 199, 200, 201, 202, 203, 204].
Here we show several examples. In Refs. [184, 193], Wu et al predicted the hidden-charm N∗ and Λ∗
resonances above 4 GeV in the molecule picture. In studying the predicted nnncc¯ and udscc¯ in Ref.
[196], the authors adopted three kinds of quark-quark hyperfine interactions, the flavor-spin interaction
based on the meson exchange, the CMI based on one-gluon exchange, and the instanton-induced inter-
action based on the non-perturbative QCD vacuum structure. In Ref. [200], the discovery potential of
the hidden-charm baryon resonances via photoproduction was investigated. In Ref. [204], the effects
of the hidden charm N∗ in the pi−p → D−Σ+c reaction near threshold were discussed. In Ref. [205],
there were some discussions about meson-baryon type hidden-charm pentaquarks with the help of flavor
SU(4) symmetry. After the LHCb observation, more and more studies appear on the nature of the Pc
states and relevant predictions. In Ref. [206], the Pc(4380) and Pc(4450) were interpreted as the loosely
bound ΣcD
∗ and Σ∗cD
∗ molecules, respectively, in the one-boson-exchange model. In Ref. [207], the
quantum numbers of these two states were suggested to be JP = 3/2− and 5/2+, respectively. In Ref.
[208], the masses of the pentaquarks with hidden beauty and strangeness were simply estimated with
the heavy quark symmetry. For other studies of the hidden-charm pentaquark states before 2016, one
may consult Refs. [1, 209]. Here we concentrate on recent developments with CMI models.
In Ref. [210], Maiani et al argued that the observed pentaquarks by LHCb are naturally expected
diquark-diquark-antiquark states in an extended picture of Refs. [95, 129]. They assigned the compo-
sitions for the two Pc states as
P (3/2−) = {c¯[cq]S=1[q′q′′]S=1, L = 0},
P (5/2+) = {c¯[cq]S=1[q′q′′]S=0, L = 1}. (21)
In Ref. [211], the pentaquarks were assumed as c¯[cu]3¯c [ud]3¯c diquark-diquark-antiquark states where
all possible spins of diquarks were considered. Their masses were estimated with the formula taking
into account the spin splitting,
MPc ' mc¯ +M[cu][ud] = mc¯ +m[cu] +m[ud] + J[cu][ud](J[cu][ud] + 1)∆, (22)
22
where M[cu][ud] and J[cu][ud] are the mass and angular momentum of the diquark-diquark system. Ac-
cording to the obtained pentaquark masses in this analysis, the Pc(4450) is a good candidate of
I(JP ) = 1/2(5/2−) diquark-diquark-antidiquark state, but the Pc(4380) was suggested to be a broad
bump in the 3/2+-wave resulting from rescatterings in the pJ/ψ channel. This scheme differs from
the classification in Refs. [210, 212]. In Ref. [213], the contributions from the possible 1+ [cn][c¯s¯]
diquark-antidiquark states [133] with masses around 4189∼4300 MeV in the K−J/ψ channel of the
Λ0b → K−J/ψp decay were discussed. The authors emphasised that such exotic mesons can imitate
broad bumps in the pJ/ψ channel. The study of the pentaquark spectrum was extended to the strange
cc¯ case in Ref. [214]. Further discussions in this scheme can be found in Refs. [215, 216].
In Ref. [100], Zhu and Qiao studied the pentaquark states in the diquark-triquark picture where
both diquark and triquark are not compact objects. Their investigated pentaquarks have the structure
δθ¯ = [Qu]3¯c [udQ¯]3c or δθ¯ = [Qu]3¯c [usQ¯]3c (Q = c, b). Their masses were calculated with the model
Hamiltonian (14), where the diquark masses were extracted from the 1++ X(3872) and the 1−− Yb(10890)
by assuming that they are diquark-antidiquark states, and the triquark masses were estimated by
summing the quark masses. Their results suggest that the Pc(4380) is a mixed state of three diquark-
triquark structures with JP = 3/2−, and the Pc(4450) can be interpreted as the diquark-triquark
pentaquark state {[cu]S=1[(ud)S=0c¯]S=1/2}L=1 with JP = 5/2+. The authors also predicted the spectra
of [cu][usc¯], [bu][usb¯], and [bu][usb¯], and discussed possible production and decay processes for these
pentaquark states.
In the c¯QQ′ = c¯[cq][q′q′′] (q = u, d, s) diquark-diquark-antiquark picture, Ali et al investigated the
pentaquark spectrum using the extended model of (13) in Ref. [212],
H = H[QQ′] +Hc¯[QQ′] +HSPLP +HLPLP , (23)
where LP and SP are the orbital and spin angular momenta of the pentaquark state, respectively.
They also adopted the extended model (12) by including additional spin-spin terms. Identifying the
observed Pc(4450) as the state P (5/2
+) = {c¯[cu]S=1[ud]S=0, L = 1}, the masses of the other S- and
P -wave pentaquark states were predicted. According to their results, identifying the state P (3/2−) =
{c¯[cu]S=1[ud]S=1, L = 0} to be the observed Pc(4380) is problematic because its production from the
Λ0b decay is suppressed by the heavy quark symmetry. They suggest the LHCb Collaboration reanalyze
their data to search for the lower JP = 3/2− pentaquark in the range 4140-4130 MeV. In Ref. [217],
the same authors extended their studies of the JP = 3/2− and JP = 5/2+ pentaquark states to the
JP = 1/2± cases. The anticipated discovery modes in b-baryons decays were also discussed.
In Ref. [108], we have systematically studied the Q1Q¯2q3q4q5 (Q = c, b, q = u, d, s) pentaquark states
with the method (18), by assuming Q1Q¯2 to be in the color 8 representation. The LHCb Pc states fall in
the mass region of the studied nnncc¯ system. Most such pentaquark states were found to have S-wave
open-heavy decays and their widths should be broad. In contrast, the JP = 5/2− states do not decay
through the S-wave, so their widths should not be very broad. We also found low-mass Λ-type udsQ1Q¯2
states with JP = 1/2− in this model. One may understand the existence of such a state from the CMI
matrix elements. In the flavor SU(3) symmetric limit, two states in the 1f representation and three
states in the 8f representations have negative CMI matrix elements. Their mixing due to the symmetry
breaking effectively provides additional attraction, which leads to a low-mass Λ-type pentaquark finally.
This result agrees with the study in Ref. [218] where detailed investigations with one-gluon exchange
and instanton-induced interactions were performed.
In the study of hidden-charm pentaquark states, Buccella discussed the masses of the compact cc¯uud
with the method similar to (18) in Ref. [219], where both cc and uud are color octet states. For the
JP = 3/2− case, he predicted four pentaquarks around 4360 MeV, 4409 MeV, 4491 MeV, and 4560
MeV. The first two states couple strongly to J/ψp, and they appear as a resonance with a mass 4380
MeV in this channel, while the third and forth states couple strongly to ΛcD¯
∗ and ΣcD¯∗, respectively.
For the JP = 5/2+ Pc(4450), the two color octets were assumed to be in P -wave.
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In Ref. [220], the authors assigned the observed Pc(4380) as a compact uudcc¯ pentaquark with
JP = 3/2− in the lowest SUf (3) multiplet and considered its flavor-octet partner states using the
extended Gu¨rsey-Radicati (GR) formula [221],
MGR = M0 + AS(S + 1) +DY + E[I(I + 1)− 1
4
Y 2] +GC2(SU(3)) + FNC , (24)
where M0 is a scale parameter, I is the isospin, Y is the hypercharge, C2(SU(3)) is the eigenvalue of the
SUf (3) Casimir operator, and Nc is a counter of c or c¯ quark. With the obtained parameters which were
determined by fitting the masses of the ground state baryons, the authors found a state with the mass
4377 MeV and the same quantum numbers as the Pc(4380) (charge, spin, parity). Possible discovery
channels in bottom baryon decays and the partial decay widths for all the pentaquarks were discussed.
In Ref. [222], an extended SU(4) quark model was developed. The mass formula for baryons has the
form
M2 =
(∑
i
mi
)2
+M2sf +M
2
orb, (25)
where the spin-flavor operator M2sf has a generalized form of the GR formula and the orbital contribution
term has the form M2orb = α
′L with α′ being the linear trajectory slope. Applying the formula to the
JP = 3/2− L = 0 qqqcc¯ (q = u, d, s) states, the authors found that all the hidden-charm pentaquarks
are below the relevant J/ψ-baryon thresholds. Therefore, the LHCb Pc states were proposed to be the
excited pentaquarks within this scheme.
2.9 CMI and QQqqq¯
Up to now, the Ξcc baryon is the unique one of the experimentally confirmed doubly heavy hadrons.
Its observation motivated heated discussions on the possible QQq¯q¯ (Q = c, b, q = u, d, s) tetraquarks. If
one adds one more light quark, the existence of the QQqqq¯ pentaquark baryons might also be possible,
because the light quark interactions inside the qqq¯ cluster may provide stronger attractions and play an
important role in binding the five quarks, especially when the color-spin mixing effects are considered.
Compared with the conventional QQq baryons, the QQqqq¯ masses are probably not very large if the
complicated interactions among quark components significantly lower their masses. As a result, the
properties of the excited QQq baryons may be affected by the QQqqq¯ states through coupled channel
effects. Knowledge about the basic features for the QQqqq¯ spectra may be helpful for us to understand
possible structures of heavy hadrons. In the literature, there exist some explorations of such systems
which focus on the (Qqq)-(Qq¯) molecules. However, such systems have not been paid enough attention
to.
In Ref. [111], we have systematically estimated the masses of the possible QQqqq¯ pentaquark masses
in the CMI method (18). Our results suggest that there exist many states below relevant open-heavy
baryon-meson thresholds, and thus stable pentaquarks are expected. Since the realistic pentaquarks
probably have higher masses than the values in Ref. [111]. It is not very clear where the (QQq)-(qq¯)
type baryon-meson thresholds locate since most of the (QQq) baryons have not been observed yet.
Further study is needed to verify whether such states are stable or not. Our results can be a helpful
guide for deeper investigations.
To search for stable pentaquark states, the authors of Ref. [223] presented a systematic analysis
on the flavor-color-spin structures of the heavy quark pentaquark systems with the method (18). The
authors noticed that the I(JP ) = 0(1/2−) udccs¯ state is perhaps the most stable one.
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2.10 CMI and QQQqq¯
The QQQqq¯ system is the mirror-type structure of the QQ¯qqq by exchanging the heavy and light
flavors. Such states are related with the triply heavy conventional baryons, which have not been observed
so far. This situation is similar to the relation between QQ¯ mesons and QQ¯qq¯ tetraquark states. With
the potential observations of QQQ baryons in future measurements, it is also instructive to study the
feature of the QQQqq¯ states. Besides, the study of the bound state and scattering problems induced
by the observed Ξcc baryons can help experiments to look for exotic phenomena.
In Ref. [112], we have discussed whether the compact QQQqq¯ pentaquark states are possible with
the CMI method (18) by assuming that the QQQ is always a color-octet state, similar to Ref. [108]. Our
results indicate that the compact pentaquarks should not be stable against their rearrangement decays.
On the other hand, the near-threshold baryon-meson molecules are possible, see Sec. 4. Therefore, the
gap between the lowest threshold and the lowest compact pentaquark leaves room for the identifica-
tion of hadronic molecules. If experiments could observe an exotic resonance around some low-lying
threshold, its nature as a molecule will be preferred over a compact pentaquark. As a by-product, we
conjectured the maximum values for the realistic masses of the conventional triply heavy baryons, which
are consistent with most theoretical predictions in the literature.
2.11 Mass constraints for QQq and QQQ baryons
With the simplest CMI model (4), one cannot get accurate masses for conventional hadrons be-
cause of the adopted assumption, which has been illustrated in Sec. 2.3. The estimated multiquark
masses with the model or its variants might also be far from the realistic values. Irrespective of the
results, however, we find that some mass constraints for conventional hadrons QQq and QQQ may be
conjectured when estimating multiquark masses with the CMI method (18).
In some cases, there may be two or more reference thresholds when one discusses a system with
the help of Eq. (18). Obviously, they lead to different multiquark masses. Then one may establish
an inequality for the thresholds of these reference systems. If one reference system contains a hadron
without measured mass, the inequality can be used to constrain the mass of that hadron, e.g. QQq or
QQQ. For convenience, we use H1 and H2 (H
′
1 and H
′
2) to denote the two hadrons in the reference
system R (R′). What we observed from the results for various systems is that the multiquark masses
estimated with R are usually higher than those with R′, if both H1 and H2 contain heavy quarks while
H ′1 or H
′
2 does not contain heavy quarks, i.e.
MH1 +MH2 − 〈HCMI〉H1 − 〈HCMI〉H2 > MH′1 +MH′2 − 〈HCMI〉H′1 − 〈HCMI〉H′2 . (26)
If H ′2 does not contain heavy quarks, that means
MH′1 <
[
MH1 − 〈HCMI〉H1
]
+
[
MH2 − 〈HCMI〉H2
]
−
[
MH′2 − 〈HCMI〉H′2
]
+ 〈HCMI〉H′1 . (27)
For example, in estimating the masses of the cccss¯ states, the reference systems may be ΩccDs or Ωcccφ,
and one expects that the latter system leads to lower pentaquark masses. Then we get the upper bound
for the mass of Ωccc (see Table 3). If another system is considered, e.g. cccsn¯, a different value of mass
can be obtained. The minimum mass should be the upper bound. In Ref. [112], we have obtained mass
inequalities between the triply heavy baryons and the doubly heavy baryons with this feature, which
are also collected in Table 3.
With the help of Ref. [109], we may similarly constrain the masses of doubly heavy baryons with
Qqq baryons and Qq¯ mesons. Such inequalities are also shown in Table 3. Numerically, the mass within
this approach is smaller than the upper limit with Eq. (4), which is illustrated by comparing masses in
Tables 2 and 3. Up to now, only the doubly charmed baryon Ξcc was discovered by LHCb and no other
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baryons containing two or more heavy quarks are observed. It is obvious that the measured mass of Ξcc
is consistent with the upper bound for Ξcc. For other baryon states, one may compare the constraints
given here with the masses in the literature [104, 224, 225, 102, 112]. We find most of the theoretical
predictions satisfy such constraints.
Since the masses in the second column of Table 3 are physical values, these constraints can be tested
only after all the relevant ground-state baryons are observed. In this sense these inequalities are just
conjectures. With these constraints, we may judge whether an observed heavy baryon is a ground state
or not, i.e., once experiments observed states higher than such bounds, they should not be ground
states.
Table 3: The conjectured constraints on the masses of ground-state triply and doubly heavy baryons,
where the hadron symbols in the second column represent their masses. The estimations for the upper
limits are given in units of MeV. We have used the estimations for the upper limits of doubly heavy
baryons when obtaining those for triple heavy baryons.
State Upper limit Estimation
Ωccc (Ω
∗
cc +Ds − φ) + 163 (Css¯ + 3Ccs¯ + Ccc − Ccs) 4977
Ωbbb (Ω
∗
bb +Bs − φ) + 163 (Css¯ + 3Cbs¯ + Cbb − Cbs) 14937
Ω∗bbc (Ω
∗
bb +Ds − φ) + 163 (Css¯ + 3Ccs¯ + Cbc − Cbs) 11610
Ω∗ccb (Ω
∗
bc +Ds − φ) + 83(2Css¯ + 6Ccs¯ + Ccc + Cbc − Ccs − Cbs) 8285
Ωbbc Ω
∗
bbc − 16Cbc 11577
Ωccb Ω
∗
ccb − 16Cbc 8253
Ξcc (Ξ
′
c +Ds − φ) + 83(Ccc − Cns − 2Ccn + 2Ccs + 2Css¯ + 6Ccs¯) 3669
Ξbb (Ξ
′
b +Bs − φ) + 83(Cbb − Cns − 2Cbn + 2Cbs + 2Css¯ + 6Cbs¯) 10347
Ωcc (Ωc +Ds − φ) + 83(Ccc − Css + 2Css¯ + 6Ccs¯) 3799
Ωbb (Ωb +Bs − φ) + 83(Cbb − Css + 2Css¯ + 6Cbs¯) 10474
Ξ∗bc (Ξ
′
b +Ds − φ) + 83(Cbc − Cns + Ccn + 3Cbn + 2Cbs + 2Css¯ + 6Ccs¯) 7048
Ω∗bc (Ωb +Ds − φ) + 83(Cbc − Css + Ccs + 5Cbs + 2Css¯ + 6Ccs¯) 7174
Ξ∗cc Ξcc + 16Ccn 3733
Ξ∗bb Ξbb + 16Cbn 10368
Ω∗cc Ωcc + 16Ccs 3871
Ω∗bb Ωbb + 16Cbs 10493
Ξbc Ξ
∗
bc − 83(2Xn + Yn) 6996
Ξ′bc Ξ
∗
bc − 83(2Xn − Yn) 7022
Ωbc Ω
∗
bc − 83(2Xs + Ys) 7117
Ω′bc Ω
∗
bc − 83(2Xs − Ys) 7149
2.12 Effective CMI for multiquark states
When studying the properties of the QQQ¯Q¯ tetraquark states [110], we checked the mass shifts due
to variations of coupling parameters. What the mass shift reflects is the effective color-spin interaction
between a pair of quark components. For a multiquark state, its mass M in the CMI model can be
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expressed as a function of the effective quark masses and coupling constants
M = M(mn,ms,mc,mb, C12, C13, · · · ) . (28)
In the case that mixing among different color-spin structures is considered, this mass function cannot
be expressed as a simple formula like Eq. (9). However, we may approximately use a linear form to
show the relation between M and the parameters. To do that, we consider effective chromomagnetic
interactions by making a change on the coupling constants. When one reduces a parameter Cij, the
mass of the state becomes larger or smaller. If the effective CMI between the ith quark component and
the jth quark component is attractive (repulsive), the reduction of Cij will lead to a larger (smaller)
M . This effect can be reflected by a dimensionless measure, which was defined in Ref. [112],
Kij =
∆M
∆Cij
. (29)
Here ∆Cij is the variation of the coupling parameter Cij, and ∆M = ∆〈HCMI〉 is the corresponding
variation of the multiquark mass. When ∆Cij → 0, Kij → ∂M∂Cij becomes a constant, then we have
M = M0 +
∑
i<j
KijCij , (30)
where M0 =
∑
i=1mi of Eq. (4) or M0 = Mref − 〈HCMI〉ref of Eq. (18). The validity of this mass
formula in the mixing case is easy to be checked with numerical results. Obviously, negative (positive)
Kij indicates attractive (repulsive) effective CMI.
In practice, the value of Kij can be extracted by reducing Cij slightly, while it can also be derived
with the matrix 〈HCMI〉 and its eigenvalues. Consider a mixed state
ψmix = xkϕk , (31)
which is a mixture of different bases ϕk’s with corresponding coefficients xk’s. If ECMI represents an
eigenvalue of HCMI , one has
ECMI = 〈ψmix|HCMI |ψmix〉 = xkxl〈ϕk|HCMI |ϕl〉. (32)
The Hamiltonian acting on bases can be expressed as (see Eq. (11))
〈ϕk|HCMI |ϕl〉 = 〈HCMI〉kl =
∑
m<n
XklmnCmn, (33)
where Xklmn can be read out from the obtained 〈HCMI〉. Then
ECMI = xkxl〈ϕk|HCMI |ϕl〉 = xkxl〈HCMI〉kl =
∑
m<n
(xkX
kl
mnxl)Cmn =
∑
m<n
KmnCmn, (34)
i.e., Kmn = xkX
kl
mnxl. With this expression, one can understand how contributions from different
structures affect the multiquark mass.
Although Eq. (30) has a linear form, it does not mean that the multiquark mass is linearly related
with the coupling parameters, because Kij’s also depend on Cij’s. The effects on the multiquark mass
due to uncertainties of coupling parameters can only be seen with the values of Kij roughly. If the
absolute value of a Kij is large, it is necessary to reduce the uncertainty of the corresponding Cij as
much as possible. This possibility of large Kij can appear in some multiquark states. An application of
the measure is to qualitatively guess the stability of tetraquark states. For states with the configuration
27
q1q2q¯3q¯4, their dominant decays are through the fall-apart or rearrangement mechanism. However, there
still exist some special configurations which lead to relatively stable states although their masses may be
high. For example, if both the q1q2 and q3q4 interactions in a state are effectively attractive while other
quark-antiquark interactions are repulsive, such a state should be relatively difficult to fall apart into
meson-meson decay channels. From the systematic study of the QqQ¯q¯ (Q = c, b, q = u, d, s) systems
[113], the second highest JP = 0+ states usually satisfy this condition, which is helpful for us to identify
the possible nature of the exotic mesons. However, it is not easy to qualitatively discuss the relative
stability of pentaquark states with Kij’s.
2.13 A short summary for CMI
Table 4: All types of heavy quark tetraquark and pentaquark systems (Q = c, b, q = u, d, s). The states
which were discussed in literatures are given with bold fonts and the systems that we investigated and
reviewed here are marked with a dagger.
Tetraquarks Pentaquarks
Qqq¯q¯ Q¯qqqq, Qqqqq¯
QQ¯qq¯†, QQq¯q¯† QQ¯qqq†, QQqqq¯†
qQQ¯Q¯† qq¯QQQ†, qqQQQ¯
QQQ¯Q¯† q¯QQQQ, qQQQQ¯
QQQQQ¯
The CMI models play an important role in understanding the multiquark systems. Although the
Hamiltonian is simple, the models do catch the basic features of spectra since the mass splittings of
hadrons reply on the basic controlling symmetries of the quark world. In recent years, developments
about the CMI model investigations lead to series of important results. All types of heavy quark
tetraquark and pentaquark systems that could exist in nature are listed in Table 4. We have reviewed
the CMI studies on four types of tetraquark systems and three types of pentaquark systems in this
section. Some interesting observations are:
• The QQ¯qq¯ states. The X(4140), X(4274), and X(4350) observed in J/ψφ, the X(3860) observed
in DD¯, and the Zc(4100) observed in ηcpi can be consistently assigned as the compact tetraquark
states with JPC = 1++, 1++, 0++, 0++, and 0++, respectively within the framework of the
chromomagnetic interactions. Additional high-lying and relatively narrow tetraquark states are
also expected whose effective chromomagnetic interactions inside the diquarks are attractive while
those between quark and antiquarks are repulsive. Uncovering the inner structures of the exotic
XY Z states needs more experimental investigations and further theoretical studies from various
aspects.
• The QQq¯q¯ states. From the quark mass ratio mq/mQ dependence of the QQq¯q¯ masses, the
existence of such doubly heavy tetraquarks becomes inevitable when the ratio is small enough.
From the CMI model calculations, it is still unclear whether the lowest ccu¯d¯ state is bound or
not depending on the details of the quark interactions. An interesting possibility would be that
the mass of the Tcc is around the DD
∗ threshold, similar to the masses of X(3872) and Zc(3900).
On the other hand, the existence of the bound Tbb seems without doubt. The Tcc and Tbb states
have only repulsive color-spin interactions inside the heavy diquarks. In contrast, not only the
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lowest but also heavier bcu¯d¯ states may exist with relatively narrow widths because the effective
color-spin interaction inside the bc and ud diquarks can be both attractive. The existence of the
doubly heavy tetraquarks is certainly one of the most important issues in hadron physics.
• The QQQ¯Q¯ and QQQ¯q¯ states. The lowest compact ccc¯c¯ and bbb¯b¯ states with JPC = 0++ from the
CMI models seem unstable if all the color-spin structures are considered. Although the compact
bcb¯c¯ and bbb¯c¯ states may also have rearrangement decay patterns, the effectively attractive color-
spin interactions inside the diquarks probably lead to relatively narrow tetraquarks. Searching
for bcb¯c¯ states in the J/ψΥ channel seems to be feasible at LHC. Moreover, the relatively narrow
bcc¯q¯ and bcb¯q¯ tetraquarks probably exist.
• The QQ¯qqq states. Although the Pc(4380)+ and Pc(4450)+ states can be assigned as compact
cc¯uud pentaquark states in the CMI models, their inner structures still remain unresolved. An
interesting observation is that a low mass isoscalar cc¯uds pentaquark is possible which may be
searched for in the J/ψΛ and ηcΛ channels. Similarly, the isoscalar bc¯uds, cb¯uds, and bb¯uds states
may be searched for in their rearrangement strong decay channels.
• The QQqqq¯ and QQQqq¯ states. All the Ξcc, Tcc, and ccqqq¯ (denoted as Pcc) states contain the
cc diquark. If the Tcc were bound, the lowest QQqqq¯ pentaquarks might also be bound states.
Since the other QQq baryons except Ξcc have not been observed, it is not clear whether low mass
structures such as isoscalar bcnsn¯, bcnns¯, and bcnnn¯ have rearrangement decay channels or not
yet. The isoscalar ccnnn¯, ccnns¯, and ccnsn¯ states are probably the most stable doubly charmed
pentaquark. The triply heavy QQQqq¯ (PQQQ) structures seem unstable.
3 Constituent quark models
Various versions of nonrelativistic and relativistic constituent quark models can be found in the
literature, which were proposed to understand hadron properties. Almost all of them incorporate
both the short-range one-gluon-exchange (OGE) force and the term representing the color confinement,
in either the coordinate or momentum space. Some of them include the additional flavor-dependent
Goldstone-boson-exchange (GBE) force from the spontaneously broken chiral symmetry and/or the
screening effects from the quark-antiquark pair creation. There are also models containing only GBE and
confinement potentials. In some approaches, one has to adopt the diquark and triquark approximations
in order to reduce the few-body problem to a two-body problem. In this section, we focus on recent
studies of compact multiquark states within constituent quark models. We will also discuss some XY Z
states which are candidates of the conventional or hybrid charmonium.
One of the widely adopted potentials was proposed by Godfrey and Isgur [33, 34], which was very
successful in explaining conventional meson and baryon spectra. Now we denote it as the GI model. In
studying multiquark states, there also exist many types of potentials, two of which were very popular.
They were proposed by Bhaduri, Cohler, and Nogami in Ref. [226], and by Semay and Silvestre-Brac
in Refs. [149, 227]. The latter references provided four potentials corresponding to different fitted
parameters, which we shall call as BCN and Grenoble (AL1, AP1, AL2, and AP2) in the present
review. The potential between ith and jth quark components in the BCN model reads
Vij(r) = − 3
16
~λi · ~λj
[ ~2κσ
mimjc2r20
e−r/r0
r
~σi · ~σj − κ
r
+
r
a2
−∆
]
, (35)
while that in the Grenoble model has the form
Vij = − 3
16
~λi · ~λj
[ 2piκ′
3mimj
exp(−r2/r20)
pi3/2r30
~σi · ~σj − κ
r
+ λrp − Λ
]
(36)
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with r0(mi,mj) = A(2mimj/(mi +mj))
−B.
In the following subsections, we shall separately review the theoretical progress of various constituent
quark models on the QQ¯qq¯, QQq¯q¯, QQQ¯Q¯, QQQ¯q¯, and QQ¯qqq multiquark states.
3.1 QQ¯qq¯
Some neutral XY Z states are probably the conventional quarkonium. In some cases, the bare
quarkonium states are strongly affected by the couple-channel effects. A typical example is the X(3872)
[228] which is affected strongly by the DD¯∗ scattering states. In fact, the mixing between the QQ¯
and QQ¯qq¯ may be accounted for through the 3P0 quark pair creation in the vacuum, which could be
equivalently incorporated by the screened potential. The QQ¯ core contributions could be calculated
even at the hadron level through Weinberg’s compositeness theorem [229]. On the other hand, the Z
states do not have a quarkonium core.
3.1.1 Possible quarkonium or hybrid assignments
The authors of Ref. [230] studied the charmonium spectrum and electromagnetic transitions be-
tween charmonium states in a nonrelativistic quark potential model where both the linear and screened
confinement potentials are considered. Their results indicate that the possibility of the X(3872) being
a χc1(2P ) dominant state cannot be excluded from its radiative decay properties. See also discussions
in Ref. [231]. The X(3823) as the ψ2(1D) is supported by its radiative decay properties. The mass
splitting between the 23P2 state and the 2
3P1 state does not support the assignment of the X(3915) as
the χc0(2P ) state. In the screened potential model, the Y (4260) and Y (4360) may be good candidates of
the ψ(4S) and ψ1(3D), respectively. The X(4140) or X(4274) might be identified as the χc1(3P ) state.
From the subsequent study on the open-charm strong decays of the higher charmonium states in Ref.
[232], the authors found that it is possible to assign the Y (4660), X(4500), X(3940), and X(3860) as
ψ(5S), χc0(4P ), ηc(3S), and χc0(2P ), respectively. The assignment for the X(4140) and X(4274) in the
same model as the excited χc1 states is difficult. The adopted model does not lead to a self-consistent
description for the vector Y (4230/4260, 4360) and the scalar X(4700).
In Ref. [233], the authors investigated possible assignments for the four J/ψφ structures in a
coupled channel scheme by using a nonrelativistic constituent quark model [234, 235]. They found that
the X(4140) seems to be a cusp because of the near coincidence of the DsD
∗
s and J/ψφ thresholds,
while the X(4274), X(4500), and X(4700) appear as conventional 33P1, 4
3P0, and 5
3P0 charmonia,
respectively.
In Ref. [236], a relativistic Dirac potential model inspired by the OGE interaction was developed to
study the charmonium spectrum in the momentum space. Due to the relativistic nature of the model,
the spin-orbit, spin-spin, and tensor effects were all automatically included in the calculation. Two
types of the scalar potentials with screening factors were considered. The authors determined the model
parameters by fitting the masses of the eight resonances below the DD¯ threshold and reproduced the
overall structure of the charmonium spectrum. Analysing the predicted masses for high-lying resonances,
they identified the X(3915), X(3872), and χc2(2P ) as 2
3PJ states with J=0, 1, and 2, respectively, while
the X(3915) is not well described and the X(3872) is slightly higher than the measured mass. The
ψ(3823) was well reproduced, a result consistent with Ref. [230], but it is difficult to accommodate
the Y (4260), Y (4360), Y (4660), X(3940), X(4160), and X(4140) from their results. The authors
also suggested to perform deeper dynamical studies by considering effects such as molecule/tetraquark
admixture and threshold effects.
In studying the properties of the exotic states, the authors of Ref. [237] discussed their possible
heavy quarkonium assignments by solving the relativistic Dirac equation with a linear confinement
potential. Their results indicate that the X(4140) is a mixture of two P -wave charmonia, and the
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Y (4630) and Y (4660) are admixed states of the S-D waves. In Ref. [238], the spectroscopy of the
charmonium states was investigated with a Coulomb plus linear potential. From their calculations, the
authors assigned the Y (4660), X(3872), X(3915), and X(4274) to be the 53S1, 2
3P1, 2
3P0, and 3
3P1,
respectively.
In Ref. [239], the masses and decay widths of the vector charmonium states from J/ψ to ψ(4160)
were calculated by using the instantaneous Bethe-Salpeter equation with a screened Cornell potential
and the 3P0 model by considering the mixing effects between the (n+ 1)S and nD states. Most of the
results were consistent with experimental data. The authors further investigated the mixing between
4S and 3D states, and found that it is still possible to assign the Y (4260) and Y (4360) to be the 4S-3D
mixed charmonium states. The branching ratios of their decays into the DD¯ were predicted to be small.
In a study of the heavy quarkonium hybrids [240] based on the strong coupling regime of pNRQCD
(potential nonrelativistic QCD), the authors found that most of the isospin zero XY Z states fit well
either as the hybrid or standard quarkonium candidates. The X(3823) is compatible with the charmo-
nium ψ2(1D). The X(3872) is compatible with the χc1(2P ), but mixing with D
0D¯0∗ may have large
contributions. The X(3915) and X(3940) are compatible with the charmonium states χc0(2P ) and
hc(2P ), respectively, but D
+
s D
−
s may contribute here. The Y (4008) is compatible with a 1
−− hybrid
state, which mixes with a spin-1 charmonium. The X(4140) and X(4160) are compatible with the
1++ hybrid states. These states may be affected by the D∗sD¯s threshold. The Y (4230) and Y (4260)
are compatible with the 1−− 2D charmonium state having a dominant spin-0 hybrid component. The
X(4274) is compatible with the charmonium χc1(3P ), which may be affected by the D
∗+
s D
∗−
s threshold.
The X(4350) is a hybrid or a conventional 3P charmonium. The Y (4320), Y (4360), and Y (4390) are
compatible with the spin-0 1−− hybrid. The X(4500) is compatible with a 0++ hybrid state, but its
mixing with the spin-1 charmonium is little and it is difficult to understand its observation in the Jψφ
channel. The Y (4630) is compatible with the charmonium ψ(3D). The Y (4660) is compatible with
a spin-0 1−− hybrid state. The X(4700) is compatible with the charmonium χc0(4P ). In the bottom
case, the Υ(10860) is compatible with the bottomonium Υ(5S), the Yb(10890) [241] is compatible with
the spin-0 1−− hybrid, and the Υ(11020) with the bottomonium ψ(4D).
In Ref. [242], a nonrelativistic effective field theory describing heavy quarkonium hybrids was
constructed. The authors discussed possible hybrid assignments for the exotic X and Y states, such as
the Y (4220), X(4350), and Y (4260). In Ref. [243], Miyamoto and Yasui studied the spectra and decay
widths of the hybrid quarkonia in a hyperspherical coordinate approach, and discussed the possibility
of the Y (4260), Y (4360), ψ(4415), Y (4660), and Υ(10860) being the hybrid states. According to their
results, in the charmonium sector, the ground state of a magnetic gluon hybrid and the first excited
state of an electric gluon hybrid lie close to the ψ(4415). In the bottomonium sector, the first excited
electric hybrid and the ground magnetic hybrid appear a few hundred MeV above the Υ(10860). If
one of the exotic meson candidates is a hybrid, its constituent gluon was expected to be magnetic.
In a nonrelativistic quark model with the Cornell like potential, the authors of Ref. [244] found that
assigning the Υ(10860) as a mixture of the conventional Υ(5S) and the lowest hybrid state may give a
plausible explanation for its pipiΥ(nS) (n = 1, 2, 3) production rates.
3.1.2 Schemes of the QQ¯ core admixed with coupled channels
Very recently, BESIII observed a new decay mode for the X(3872), pi0χc1, in the processes e
+e− →
γpi0χcJ (J = 0, 1, 2) and found Br(X(3872) → pi0χc1)/Br(X(3872) → pi+pi−J/ψ) = 0.88+0.33−0.27 ± 0.10
[245]. This new measurement disfavors the χc1(2P ) interpretation for the X(3872) presented in Ref.
[246]. An early measured ratio Br(X(3872) → ψ(2S)γ)/Br(X(3872) → J/ψγ) = 3.4 ± 1.4 by BaBar
[247] did not support a pure D¯0D∗ molecule interpretation, while Belle’s result of Br(X(3872) →
ψ(2S)γ)/Br(X(3872) → J/ψγ) < 2.1 [248] indicates that the cc¯ contribution in X(3872) is probably
not large. These measurements strongly indicate that the X(3872) probably contains a larger DD¯∗
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component than the cc¯. Inspired by these experimental measurements, there has been continuous
progress of theoretical studies on the coupled nature of the X(3872) and other X and Y states in recent
years.
In Ref. [249], the authors investigated the quarkonium contributions to the meson molecules like
the X(3872) and its heavy-quark spin-flavor partners. They found that the cc¯ core produces an extra
attraction, and thus less attractive DD¯∗ interaction is needed to form a bound X(3872). But such an
attraction does not appear in the 2++ sector. The cc¯ content in the X(3872) was found to be 10∼30%.
With the extended Friedrichs scheme, Zhou and Xiao of Ref. [250] studied the radially excited
P -wave charmonium spectrum. According to their analyses, the X(3872) is dynamically generated
by the coupling of the bare χc1(2P ) and continuum states, with large molecule components (64-85%).
The observed X(3860) has a much larger width than the χc0(2P ) charmonium although their masses
are close. The state hc(2P ) was predicted to be around 3890 MeV with a pole width about 44 MeV.
Later in Ref. [251], they considered the isospin breaking effects of the X(3872) with the same scheme,
and obtained the reasonable ratio 0.58∼0.92 between the J/ψpipipi and J/ψpipi channels. In Ref. [252],
the bottomonium counterpart of the X(3872) around 10615 MeV and the χb1(4P ) around 10771 MeV
were predicted. The reason for the non-observation of the Xb signal in the Υpipi [253] and Υpipipi [254]
channels was also discussed.
In Ref. [255], the coupled channel effects on the heavy quarkonium states like χc(2P ) and χb(3P )
were studied by considering the meson loop corrections. The authors found that the X(3872) is a
superposition of a cc¯ core and meson-meson continuum components, while the χb(3P ) should be a pure
bottomonium. The authors of Ref. [256] presented an unquenched method to consider the coupling
between the quark-antiquark states and meson-meson states for a given JPC . After the investigation on
channels related with the X(3872), the authors got three states. The state that can be realized as the
X(3872) has a dominant DD¯∗ component and a posterior 23P1 cc¯. The state identified as the X(3940)
has a predominant 23P1 cc¯ component. The third state is an almost pure 1
3P1 cc¯ state. The coupled
channel effects for the bottomonium with realistic wave were also studied under the framework of 3P0
model in Ref. [257].
By assuming the X(3872) as a mixing state of the 2P charmonium and D¯D∗ molecule, the authors
of Ref. [258] analyzed its radiative decays into J/ψγ and ψ(2S)γ in an effective field theory. They found
that a wide range of charmonium probability in the X(3872) is consistent with the experimental ratio
Br(X → ψ(2S)γ)/Br(X → Jψγ). In the case of the destructive interferences between the long-range
meson loops and the short-range counter-term, a strong constraint on the cc¯ admixture is found (< 15%
is expected).
To understand the nature of X(3872), the spectral function of the charmonium state χc1(2P ) coupled
to DD∗ mesons was studied in Ref. [259]. The authors found two poles in the complex plane, one pole
corresponding to the cc¯ object χc1(2P ) and the other virtual pole just below the D
0D∗0 threshold. The
X(3872) as a mixed object emerges from an interplay between a cc¯ state and the thresholds. With their
approach, the existence of X(3872) is not possible without the seed charmonium state.
In Ref. [260], the Y (4260) was treated as an S-wave D¯D1 + c.c. molecule containing a small
charmonium component. Extracting parameters from experimental results, the authors found that
the physical wave function of the Y (4260) is 0.363|cc¯〉 + 0.932|D¯D1 + c.c.〉. In Ref. [261], Lu, Anwar,
and Zou studied the coupling between the 1−− charmonium structures and relevant meson-antimeson
structures with the 3P0 pair creation model. Their results support the picture that the Y (4260) is a
D1D¯ molecule having a non-negligible ψ(nD) core.
3.1.3 Tetraquark states
In the chiral SU(3) quark model [262], the masses of the QqQ¯q¯′ (Q = c, b, q = u, d, s) states with
JPC = (0, 1, 2)++ and 1+− were calculated. It was impossible to assign the X(3872) and Y (3940)
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[now called X(3915)] as pure cnc¯n¯ tetraquark states with JPC = 1++ and 2++, respectively. From this
study, narrow tetraquarks in the hidden-bottom sector are possible. The study of the spectrum in the
framework of the constituent quark model in Ref. [263] did not show any bound four-quark cc¯nn¯ states
for low-lying JPC , ruling out the possibility that the X(3872) is a compact tetraquark system, if no
additional correlations are considered in simple quark models.
In Ref. [264], the Zc(3900), Zc(4020), Zc(4050), Zb(10610), and Zb(10650) were studied within a
coupled-channel Schro¨dinger model by coupling the IG(JPC) = 1−(1++) and 1+(1+−) excited quark-
antiquark pairs and their OZI-allowed decay channels D(∗)D¯(∗) or B(∗)B¯(∗). Poles matching experimental
data for these mesons were all found. In Ref. [265], the nature of the Υ(10890) and other exotic states
in the bottom sector was discussed in the diquark-antidiquark configuration in a quark potential model.
The authors found that the Zb(10650) is probably a radially excited diquark-antidiquark state, and that
the Υ(10890) might be the tetraquark Yb(10890) rather than a conventional bb¯ state.
In Ref. [266], Lu and Dong presented a study for the [cs]3¯c [c¯s¯]3c diquark-antidiquark states in the
GI model by including the color screening effects. In this model, the X(4140) can be regarded as the
AS¯ type tetraquark state, and the X(4700) as the first radially excited AA¯ or SS¯ state, where S (A)
denotes the scalar (axial-vector) diquark. They also studied the case that the internal orbital or radial
excitation is allowed for diquarks [267, 268]. Their results indicate that the X(4500) can be explained
as the tetraquark composed of one 21S0 diquark and one 1
1S0 antidiquark, while the X(4350) is a
tetraquark composed of one 23S1 and one 1
3S1. However, there is no assignment for the X(4274) in
this model, which is proposed to be the candidate of the charmonium χc1(3P ), supported by the decay
width calculation in Ref. [269] and the arguments in Ref. [270]. Their results also indicate that it
is possible to assign the X(3915) as the lightest csc¯s¯ state, which supports the proposal given in Ref.
[135]. Besides, some tetraquark masses are close to those of the Y (4630) and Y (4660).
In Ref. [271], possible D(∗)D¯∗ molecular states were studied in the BCN model and a chiral
constituent quark model by including the s-channel one gluon exchange. The authors found the
JPC = (1, 2)++ bound states in the charm sector and (0, 1, 2)++, 1+− bound states in the bottom
sector. Good candidates for the X(3872) and Zb(10610) were then obtained. In another work [272], the
same authors considered the S-wave Q¯Qq¯q (Q = c, b, q = u, d, s) systems with two chiral constituent
quark models in the meson-antimeson picture. From their results, several BB¯∗ bound states were found.
If the hidden-color channels are also included, a bound state [cq¯]∗[qc¯]∗ with I(JPC) = 1(0++) was also
found. The obtained BB¯∗ and B∗B¯∗ states with I(JPC) = 1(1+−) can be related to the Zb(10610) and
Zb(10650), respectively.
In Ref. [273], the investigation for the spectroscopy of the hidden-charm [qc]3¯c [q¯c¯]3c and [sc]3¯c [s¯c¯]3c
tetraquarks was performed in a relativized diquark model. The authors found possible assignments for
the X(3872), Zc(3900), Zc(4020), Y (4008), Zc(4240), Y (4260), Y (4360), Y (4630), and Y (4660) in the
cc¯nn¯ sector, and for the X(4140), X(4500), and X(4700) in the cc¯ss¯ sector, but did not for the X(4274)
and Zc(4430).
In the dynamical diquark model, the authors of Ref. [274] presented a study on the spectrum of
charmoniumlike tetraquarks by solving the Schro¨dinger equation with the Born-Oppenheimer poten-
tials calculated numerically on the lattice. Choosing the X(3872) or Zc(4430) as a reference diquark-
antidiquark state, the authors obtained a spectrum that agrees well with the observed charmoniumlike
states.
Yang and Ping adopted a chiral quark model with the exchange of pi, κ, and η and considered the
diquark-antidiquark and meson-meson configurations in Ref. [275]. They investigated the spectrum of
csc¯s¯ states and found that the X(4274) and X(4350) are good candidates of the compact tetraquark
states with JPC = 1++ and 0++, respectively. The X(4700) can be explained as the 2S radial excited
tetraquark state with JPC = 0++. However, no appropriate matching states for X(4140) and X(4500)
were found.
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3.2 QQq¯q¯
The doubly heavy QQq¯q¯ tetraquark systems are particularly interesting depending on the spatial
configurations of two heavy quarks. In the extreme case that the QQ pair is in the color anti-triplet and
stays very close to each other, the compact heavy quark pair acts like one static color source. Two light
anti-quarks circle around this point-like color source. This configuration is very similar to the Helium
atom in QED. We denote it as the “QCD Helium atom”. On the other hand, if the heavy quarks are
well separated from each other, the q¯q¯ pair is shared by the two heavy quarks. This is the QCD valence
bond. Such a configuration is the QCD analogue of the hydrogen molecule in QED. We denote it as
the ”QCD Hydrogen molecule”. In general, the QQq¯q¯ tetraquark system may be the superposition of
the atomic and molecular structures.
In Ref. [276], using the BCN potential and the Grenoble AL1 potential, the authors studied the
binding problem of the Tcc (the lowest isoscalar 1
+ ccu¯d¯, see Sec. 2.5). According to their calculation,
the Tcc with the molecular structure is weakly bound against the DD
∗ threshold, but it can become
atomic with the inclusion of the three-body force.
In Ref. [163], the masses of the tetraquark states QQq¯q¯ (Q = c, b, q = u, d, s) were calculated in
the diquark-antidiquark picture with a relativistic quark model. All the (cc)(q¯q¯′) states are not bound,
and only the I(JP ) = 0(1+) (bb)(n¯n¯) state lies below the BB∗ threshold. The authors of Ref. [277]
studied the QQq¯q¯ four-quark bound states in chiral SU(3) quark model. Their calculation indicates
that a bbn¯n¯ state with I(JP ) = 0(1+) is bound, but there is no bound state in the ccq¯q¯ system. With
three different quark models one of which is chiral quark model, the authors of Ref. [278] studied the
QQn¯n¯ (Q = s, c, b, n = u, d) spectrum. Their results show that only the bbn¯n¯ state with I(JP ) = 0(1+)
is bound within these models.
The authors of Ref. [279] studied possible compact four-quark states QQn¯n¯ with two different
constituent quark models, one of which contains Goldstone boson exchanges between quarks. They
noticed that the I(JP ) = 0(1+) ccn¯n¯ and bbn¯n¯ are bound and should be narrow, which was consistent
with their previous studies [280, 281, 282]. Further study of the exotic bcn¯n¯ four-quark states in Ref.
[283] showed two isoscalar bound states with JP = 0+ and 1+. In Ref. [284], the Bethe-Salpeter
equations for the ground-state QQu¯d¯ were established in the diquark-antidiquark picture. According to
their numerical results, the ccu¯d¯ and bbu¯d¯ bound states with I(JP ) = 0(1+) and the bcu¯d¯ bound states
with I(JP ) = 0(0+) and 0(1+) should all be stable.
In Ref. [285], Park and Lee investigated the 1+ Tbb and Tcc states with the BCN potential by
including the contribution from the 6c-6¯c diquark-antidiquark color structure, which was neglected in
Ref. [152]. The Tcc was found to be 100 MeV above the DD
∗ threshold, while the Tbb was about 100
MeV below the BB∗ threshold. The 6c-6¯c contribution was found to be negligible. Later in Ref. [286],
the masses of the doubly heavy tetraquarks were updated after the observation of the Ξcc. Now the
udb¯b¯ tetraquark is bound by 121 MeV and the usb¯b¯ is bound by 7 MeV. In an investigation with one
gluon exchange potential, the authors of Ref. [287] studied the existence of the bound Q1q¯2Q3q¯4 states.
They found that there are no stable ccn¯n¯ and bcn¯n¯ states, but stable bbu¯d¯ states are possible.
The authors of Ref. [288] discussed approximations used in the multiquark studies, i.e., diquark,
Born-Oppenheimer, Hall-Post inequalities, color-mixing, and spin-dependent corrections. They pointed
out that the 1+ ccu¯d¯ is at the edge of binding, and more delicate studies are still needed. For the 1+
bbu¯d¯, the spin effects or color mixing effects are needed to achieve a binding state.
3.3 QQQ¯Q¯ and QQQ¯q¯
The study in Ref. [289] with a nonrelativistic potential model indicates that the lowest 0++ all-charm
tetraquark state is below the ηcηc threshold. A study for the fully-heavy tetraquarks was performed in
Ref. [290] with a nonrelativistic effective field theory (NREFT) at the leading order and a relativized
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diquark-antidiquark model. Both approaches give a bbb¯b¯ ground state around 18.72 GeV with JPC =
0++, which is below the ηbηb threshold. Mass inequalities for all type QQQ¯Q¯ (Q = c, b) were also
investigated.
The authors of Ref. [291] presented a calculation for the mass spectrum of the ground-state 0++
bbb¯b¯ tetraquark states using a diffusion Monte-Carlo method to solve the non-relativistic many-body
problem, whose potential is based on the flux-tube model. A state around 18.69 GeV was found to be
about 100 MeV below the ηbηb threshold.
In Ref. [292], the masses of the ccc¯c¯ tetraquark states were calculated in a constituent quark model
with the hyperspherical formalism. The authors noted that the 0++ state is 58 MeV above the ηcηc
threshold, 1+− state is 14 MeV above the J/ψηc threshold, and 2++ state is 22 MeV below the J/ψJ/ψ
threshold. In Ref. [293], the authors investigated the spectroscopy of [cc][c¯c¯] in a diquark-antidiquark
configuration using a non-relativistic model, whose potential is a Cornell-inspired type. Their results
show very compact tetraquarks, which are below their thresholds of spontaneous dissociation into low-
lying charmonium pairs.
In Ref. [294], Richard et al found that full-charm and full-beauty tetraquarks are unbound in the
chromoelectric model with additive potentials. If the naive color-additive model of confinement is
replaced by a string-inspired interaction, however, the bcb¯c¯ case might be favorable. In additional to
studies about theQQq¯q¯ states, the authors also discussed the existence of ccc¯c¯, bbb¯b¯, and bbc¯c¯ tetraquarks
in Ref. [287]. Because of lack of strongly separated mass scales, they concluded that no such bound
states exist.
In a dynamical study with a nonrelativistic potential model in Ref. [180], the mass spectra of all
types of full-heavy Q1Q2Q¯3Q¯4 (Q = c, b) tetraquark states were obtained. No bound states can be
formed below the thresholds of any meson pairs (Q1Q¯3)− (Q2Q¯4) or (Q1Q¯4)− (Q2Q¯3), and thus such
states with narrow widths are not expected in experiments. This conclusion about spectrum confirmed
the arguments from the CMI estimations given in Ref. [110]. In a study with a nonrelativistic chiral
quark model [295], the analysis of bbb¯b¯ states indicates that the JP = (0, 1, 2)+ states are all higher
than the corresponding thresholds, in both meson-meson and diquark-antidiquark configurations. The
results also confirmed the conclusions from the CMI calculation with the method (18) [110].
In Ref. [148], Silvestre-Brac and Semay did not find any bound QQQ¯q¯ states with a nonrelativistic
quark model, whose potential was proposed by Bhaduri et al [226]. This result is roughly consistent
with the estimations with the CMI model (18) [77].
3.4 QQ¯qqq and QQqqq¯
Considering the quark delocalization color screening effects in a chiral quark model, Huang et al in-
vestigated the Pc-like hidden-charm pentaquarks in the molecule configuration in Ref. [296]. According
to their results, the Pc(4380) can be explained as the Σ
∗
cD¯ molecule with J
P = 3/2−. Other hidden-
charm and hidden-bottom bound states were also investigated. But all the positive-parity states were
found to be unbound. They studied the hidden-strangeness pentaquarks in Ref. [297]. In Ref. [298], the
same group performed a dynamical calculation of the five-quark systems in the framework of a chiral
quark model. The Pc(4380) was again suggested to be a Σ
∗
cD¯ molecule. All the obtained positive-parity
states are unbound in their calculation, unless the effective σ meson exchange is employed. The authors
did not adopt the assignment for the Pc(4450) as the ΣcD¯
∗ molecule because of the inconsistent parity,
although their masses are close to each other. They presented a similar study of the hidden-bottom
pentaquarks in Ref. [299].
In Ref. [300], the solution for the relativistic five-quark equations favors the assignment for the
quantum numbers of the pentaquarks Pc(4380) and Pc(4450) to be J
P = 5/2+ and 3/2−, respectively.
In the molecule picture, the authors of Ref. [301] studied the LHCb Pc states with a chiral constituent
quark model [234, 235] and confirmed the existence of several D¯(∗)Σ(∗)c structures near the Pc masses. In
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Ref. [302], the isospin-half JP = (1/2, 3/2, 5/2)− uudcc¯ pentaquarks with the color-octet uds component
were investigated with the quark cluster model. Three structures were found to be around the Σ
(∗)
c D¯(∗)
thresholds: one bound state, two resonances, and one large cusp. The authors argued that the Pc(4450)
may arise from these structures.
In Ref. [303], the authors studied the possible pentaquark nature of the Pc(4380) with I(J
P ) =
1/2(3/2−) using a hyperfine+confinement potential. With the variational method, they found that the
ground state is the isolated p and J/ψ state, and the excited state lies far above the observed Pc(4380).
This observation led to the conclusion that the observed Pc(4380) cannot be a compact J
P = 3/2−
pentaquark generated by the conventional two-body quark interactions. In Ref. [304], Stancu studied
the effects of three-body chromoelectric interaction in pentaquark states and found that the three-body
confining interaction can stabilize the pentaquark states with an appropriate sign. She suggested that
perhaps the fall apart decay mode of the ground-state nnncc¯ pentaquarks in Ref. [303] may be avoided
if such an interaction is included.
In Ref. [305], Richard, Valcarce, and Vijande studied the hidden-charm pentaquarks in a constituent
model with the Grenoble AL1 potential by solving the five-body problem. They found that the lowest
states with (I, J) = (3/2, 1/2) and (3/2, 3/2) are below their lowest S- and D-wave thresholds, ηc∆ and
ΣcD¯, and thus are expected to be stable. In a recent work [306], Hiyama, Hosaka, Oka, and Richard
studied the five-body scattering problem with a nonrelativistic quark model by including explicitly open
channels such as J/ψN , ηcN , and ΛcD¯, etc. They also adopted the Grenoble potentials (AP1 and AL1).
Their results are compatible with those obtained in Ref. [305]. According to their analysis, there does
not exist any resonance at the energies of the LHCb Pc states, while two narrow states are possible
lying at 4690 MeV and 4920 MeV with JP = 1/2− and 3/2−, respectively.
In Ref. [307], Stancu investigated the spectrum of the uudcc¯ hidden-charm pentaquark states with
an SU(4) Goldstone-boson-exchange model, in which the mass splittings are accounted for by the flavor-
spin hyperfine interaction. She found that the lowest positive-parity states with JP = 1/2+ and 3/2+
are below the lowest negative-parity state with JP = 1/2−. The results accommodate a 3/2+ Pc(4380)
and a 5/2+ Pc(4450).
With the Bethe-Salpeter equation, the spectrum of the heavy pentaquark states QQ¯qqq (Q = c, b,
q = u, d, s) were studied in the diquark-diquark-antiquark configuration in Ref. [308]. The masses of the
Pc like hidden-charm pentaquarks J = 3/2 and 5/2 states are ∼ 300 MeV higher than the experimental
values. The authors also calculated the masses of QQqqq¯ states. The mass of the lowest [cn][cn]n¯ state
is around 4.54 GeV which is larger than our result obtained in the CMI model [111].
In Ref. [274], the charmoniumlike pentaquark states were investigated in the dynamical diquark
model by assuming that they are diquark-triquark states. Using the observed Pc(4380) and Pc(4450) as
inputs, the authors predicted a number of other unobserved states. Especially the ground hidden-charm
pentaquarks were below the J/ψN even ηcN threshold.
The authors of Ref. [309] presented a study of the magnetic moments of the hidden-charm pen-
taquark states with the isospin (I, I3) = (1/2, 1/2) and J
P = (1/2 ∼ 7/2)± in the molecular, diquark-
triquark, and diquark-diquark-antiquark models. The obtained magnetic moments are different, al-
though the description for pentaquark masses and decay patterns can be achieved in all these models.
Their results may be used to understand the inner structures and distinguish phenomenological models.
In Ref. [310], the axial charges of the hidden-charm pentaquarks were studied in the chiral quark model.
Their results can also be used to distinguish the underlying structures of the Pc states.
3.5 Color flux-tube model
The flux-tube model [311, 312] was first extracted from the strong-coupling Hamiltonian lattice
formulation [313] and the early descriptions of flux tubes as cylindrical bags of colored fields [314]. In
the flux-tube model, the gluonic excitation was considered as the transverse vibration of the string-
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like flux tube between a quark-antiquark pair. The ordinary quark model was contained under the
zero angular momentum approximation, while exotica can also be achieved for the non-zero angular
momentum [312, 315].
The string potential in Hamiltonian was usually in a standard linear form to investigate the con-
finement phenomenon [315]. Such a flux-tube model has been extensively used to study the hadron
masses, decays and production characteristics [315, 316, 317]. Recently, a naive color flux-tube model
was developed by considering a harmonic-like confinement potential rather than a linear one to study
the tetraquark states [318, 319].
In Ref. [320], Deng et. al. studied the lowest charged tetraquark states QqQ¯′q¯′ (Q = c, b and
q = u, d, s) in the framework of the color flux-tube model with a four-body confinement potential.
Within the color flux-tube model, the total hamiltonian of the diquark-antidiquark can be expressed
as,
Hf =
f∑
i=1
(
mi +
p2i
2mi
)
− TC +
f∑
i>j
Vij + V
C
min(f) ,
Vij = V
B
ij + V
σ
ij + V
G
ij , (37)
in which f = 2 or f = 4, TC is the center-of-mass kinetic energy, pi is the momentum of the i-th
quark, V Cmin(f) is the quadratic confinement potential. The interaction between two different quarks
is described by Vij, which contains the one-boson-exchange potential V
B
ij , the σ-meson exchange po-
tential V σij , the one-gluon-exchange potential V
G
ij . In the diquark-antidiquark configuration, the energy
of the tetraquark states QqQ¯′q¯′ was then calculated by solving the four-body Schro¨dinger equation.
The numerical results indicated that some compact resonance states were formed with the four-body
quadratic potential. These resonances can not decay into Qq¯′ and Q¯′q but into QQ¯′ and qq¯′ through the
breakdown and recombination of the flux tubes. The authors interpreted the charged states Zc(3900)
and Zc(4025)/Zc(4020) as the S-wave tetraquarks [cu][c¯d¯] with quantum numbers I = 1 and J = 1 and
2, respectively.
Later in Ref. [321], they systematically studied the charged Z+c family in the color flux-tube model
and considered the spin-orbit interactions between quarks. Their investigation indicated that the
Zc(3900)/Zc(3885), Zc(3930), Zc(4025)/Zc(4020), Zc(4050), Zc(4250), and Zc(4200) can be described
as the [cu][c¯d¯] tetraquark states with n2S+1LJ and J
P of 13S1 and 1
+, 23S1 and 1
+, 15S2 and 2
+, 13P1
and 1−, 15D1 and 1+, 13D1 and 1+, respectively. However, the two heavier charged states Z+c (4430)
and Z+c (4475) can not be explained as tetraquark states in this model. In Ref. [322], Zhou, Deng and
Ping also employed the flux-tube model to investigate the tetraquark states cqc¯q¯ with IJPC = 01−−.
The vector states Y (4008), Y (4140), Y (4260), and Y (4360) were described as the 11P1, 1
5P1, 2
5P1 and
15F1 hidden-charm tetraquarks, respectively.
In Ref. [323], the hidden-charm pentaquark states were investigated within the framework of the
color flux-tube model including a five-body confinement potential. The results showed that the main
component of the P+c (4380) can be described as a compact uudcc¯ pentaquark state with the pentagonal
structure and JP = 3
2
−
. However, the P+c (4450) state can not be interpreted as a compact pentaquark,
since the masses of the positive parity uudcc¯ states were extracted much higher than those of the
P+c (4380) and P
+
c (4450) in the color flux-tube model.
Recently, they also studied the stability of the doubly heavy tetraquark states [QQ][q¯q¯] in the color
flux-tube model [324]. They solved the four-body Schro¨dinger equation to calculate the energies of all
doubly heavy tetraquark states with both the color configurations [[QQ]3¯c [q¯q¯]3c ]1 and [[QQ]6c [q¯q¯]6¯c ]1.
Their numerical results showed that the states [bb][u¯d¯] with IJP = 01+ and [bb][q¯′s¯] with IJP = 1
2
1+
were the most promising stable doubly heavy tetraquark states against strong interaction. The doubly
heavy tetraquark states qqQ¯Q¯ have also been addressed by a fully unitary and microscopic quark model
with a triple string flip-flop potential [325]. They found several tetraquark bound states and resonances
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and calculated their masses and decay widths by computing the T matrix and finding the pole positions
in the complex energy plane.
3.6 A short summary
We summarize some interesting observations for the multiquark states from quark model investiga-
tions in recent years:
• The physical X(3872) should be a mixed state due to the strong channel coupling between the bare
quark model state χc1(2P ) and the DD¯
∗ scattering state. Assigning the X(3915) as the χc0(2P )
charmonium is not supported by all quark model calculations. The X(3940) can be assigned as
the ηc(3S) or hc(2P ) (affected by DsD¯s).
• In the charmonium or hybrid picture, the X(4140) is a mixed cc¯, a hybrid affected by DsD¯∗s , or
a cusp. The X(4274) is the χc1(3P ) affected by D
∗
sD¯
∗
s . The X(4350) is the χc0(3P ) or a hybrid.
The X(4500) is the χc0(4P ) or a hybrid. The X(4700) is the χc0(4P ) or χc0(5P ).
• Perhaps both the mixed 4S-3D cc¯ states and the D1D¯(∗) states contribute to the observed
Y (4260)/Y (4230) and Y (4360), while the Y (4630) and Y (4660) are dominantly mixed 5S-4D
even 3D charmonia. Their masses can also be reproduced in tetraquark models.
• The masses of Zc(3900) and Zc(4020) may be obtained in both molecule picture and diquark-
antidiquark picture. The Zb(10610) and Zb(10650) should be B
(∗)B¯(∗) molecules, although the
diquark-antidiquark interpretation for Zb(10650) is also possible. The nature of Zc(4430) is still
unclear.
• Whether the lowest ccu¯d¯ tetraquark state is above or below the DD∗ threshold is still an open
question, but the lowest bbu¯d¯ state should lie below the BB¯∗ threshold.
• Few models favor the bound ccc¯c¯ and bbb¯b¯ states. A bound state in the bcb¯c¯ case might be
favorable. Bound QQQ¯q¯ states should not exist.
• The quark model calculations favor the molecule interpretations for the Pc(4380) and Pc(4450).
4 Meson exchange and scattering methods
In the study of the hadronic molecules, almost all the meson-exchange models are constructed at
the hadron level. One first derives the effective boson-exchange potentials in coordinate or momentum
space, and then solves the bound state problem or scattering problem of two hadrons. From the obtained
binding energy or scattering phase shifts, one extracts the resonance information. Such a formalism is
a straightforward extension of the traditional meson exchange models in nuclear force.
There are meson-exchange models based on the quark-level interactions, e.g. based on the chiral
quark model. After integrating out the inner degrees of freedom inside the hadrons, hadron-level
effective meson-exchange potentials can be obtained. An example is illustrated in Ref. [326]. Of course,
the molecule problems can also be dealt with at the quark level directly.
The color force of the van de Waals type is not described by the meson-exchange but by two-gluon-
exchange interactions. This type interaction was applied to understand the nature of the exotic states in
the hadroquarkonium picture where a heavy quarkonium is embedded in a light hadronic matter. This
hypothesis dated back to early nineties [327]. Although the interaction between ground-state hadrons
may be weak and no bound state can be formed, probably such a force may result in bound states or
resonances for radially and orbitally excited hadrons.
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In the chiral limit, the eight pseudoscalar meson masses vanish as the up, down and strangeness cur-
rent quark masses go to zero. In contrast, the masses of the nucleon, rho meson or heavy mesons/baryons
etc remain finite or even large in the chiral limit. They are sometimes denoted as the matter fields.
If they contain the light quark degree of freedom, the matter fields will interact with the pseudoscalar
mesons. The rigorous framework is the well-known chiral perturbation theory.
In order to ensure the chiral invariance, one should replace the simple derivative operator by the
chirally covariant derivative operator in the construction of the kinetic energy of the matter fields at
the leading order Lagrangian. The chirally covariant derivative operator contains the chiral connection.
In other words, the kinetic term of the matter fields always induce the contact seagull term in the form
of M∗ pi∂µpi
F 2pi
M , where the M is the matter field, pi is the pseudoscalar meson, and Fpi is the pion decay
constant. The model-independent seagull term is a direct manifestation of the chiral symmetry, which
does not introduce new coupling constants.
Now we move on to the scattering process of the pseudoscalar meson and the matter fields. The
physical piM scattering amplitude is composed of the seagull amplitude, the corrections from higher-
order tree-level diagrams and loop corrections. In other words, the seagull amplitude does not saturate
the whole amplitude. Sometimes the seagull amplitude may be not dominant.
In the chiral unitary approach, only the seagull amplitude is iterated (unitarized) through the Bethe-
Salpeter or Lippmann-Schwinger equation because of its easy-be-dealt-with and model-independent
expression. From the pole positions of the unitarized amplitudes, one can extract information of bound
states or resonances. Such states are called dynamically generated states in the literature. Since the
seagull amplitude may miss some important physics as illustrated above, the chiral unitary approach
sometimes generates spurious signals.
In the scattering of the light vector meson and the matter fields, one may treat the vector meson
as the “gauge” field and introduce the hidden local symmetry into the Lagrangian. Then the chiral
unitary formalism can be extended to the processes involving light vector mesons in a similar way.
If only the pions are exchanged between two heavy hadrons, the potentials can be organized order
by order in the framework of the chiral perturbation theory (χPT). One first constructs the tree-level
Lagrangians order by order. Then one computes the higher order chiral corrections from the loop
diagrams such as the triangle diagram, the box diagrams etc where only the two-particle irreducible
contributions are kept. From the above scattering amplitudes, one derives the effective potentials at
the given chiral order which enters the Schro¨dinger equation or Lippmann-Schwinger equation in the
iteration. Again, one can extract the binding energy after solving the Schro¨dinger equation. One may
also extract the resonance parameters either from the phase shifts or from the poles of the scattering
amplitudes. This approach mimics the modern nuclear force in terms of χPT which is pioneered by
Weinberg [328, 329].
4.1 QQ¯qq¯
In Ref. [1], we performed a comprehensive review of the hidden-charm tetraquark states. In this
section, we mainly introduce the theoretical progress on the systems with the QQ¯qq¯ configuration after
2016. Different theoretical groups still focused on the interaction between a charmed meson and an
anticharmed meson. The central issue remains to answer whether these observed XY Z charmoniumlike
states can be understood in the hidden-charm molecular scenario.
In Ref. [330], the mass spectra for the heavy meson-antimeson bound states were discussed with
the Hellmann plus one-pion-exchange potential. The results indicate that the X(3872) is not a pure
molecule. The authors of Ref. [331] discussed possible hadronic bound states formed by heavy-light
mesons and heavy-light antimesons in the one-pion-exchange approach, where a heavy-light meson
belongs to the (0−, 1−) multiplet or its chiral partner multiplet (0+, 1+). The coupled channel results
show that only the charm isosinglet molecules with JPC = 1++ are bound, which can be identified
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as the X(3872). The analysis indicates that the reported 1+− isotriplet Zc(3900)± is at best a near
threshold resonance, and the Zc(4020)
± at best also a threshold effect. The study for the hidden-bottom
meson-antimeson systems leads to the identification of the isotriplet exotic molecule with JPC = 1+−
as a mixture of the Z+b (10610) and Z
+
b (10650). A bound isosinglet hidden-bottom molecule Xb(10532)
with JPC = 1++ analogous to the X(3872) was proposed.
A recent systematic study of the possible hadronic molecules composed of the S-wave heavy-light
mesons can be found in Ref. [332]. The assignment of the X(3872) as a shallow DD¯∗ molecule
is supported, while assigning the Zc(3900), Zc(4020), Zb(10610), and Zb(10650) as molecules is not
favorable. Moreover, the Y (4140) cannot be assigned as a molecule composed of D∗+s D
∗−
s , neither.
With the Bethe-Salpeter equation, the authors of Ref. [333] calculated the mass of the X(4140)
in the molecule picture. They assigned this meson to be a mixed state of three pure molecule states
D∗0D¯∗0, D∗+D∗−, and D∗+s D
∗−
s . In Ref. [334], the DD¯
∗ molecule in the Bethe-Salpeter equation
approach was discussed with the ladder and instantaneous approximations by considering σ, pi, η, ρ,
and ω exchanges. The X(3872) can be a molecular bound state.
The possibility of the X(4274) as a P -wave DsD¯s0(2317) state in a quasipotential Bethe-Salpeter
equation approach was discussed in Ref. [335]. A pole at 4275 ± 11i MeV was produced through the
P -wave interaction with the J/ψφ channel. If this state can be interpreted as a hadronic molecule, an
S-wave DsD¯s0(2317) bound state below the J/ψφ threshold should also exist.
In Ref. [336], He and Chen investigated the D∗D¯1 interaction in a quasipotential Bethe-Salpeter
equation approach by considering one-pion-exchange interaction. They obtained a bound state at 4384
MeV with IG(JPC) = 0−(1−−) and a resonance at 4.461+i39 MeV with IG(JP ) = 1+(1+). The former
(latter) state was assigned to be the Y (4390) (Z(4430)). Later in [337], Chen, Xiao, and He found that
the molecule assignment for the Y (4390) can naturally explain its observation in e+e− → pipihc and its
absence in e+e− → pipiJ/ψ.
In a study with chiral unitary method in Ref. [338], Sakai, Roca, and Oset investigated the (b¯n)-(cn¯)
and (b¯n)-(c¯n) interactions. They found isoscalar bound states above 7 GeV for the 0+ BD, 1+ B∗D
and BD∗, and (0, 1, 2)+ B∗D∗ systems. In Ref. [339], the DD¯∗ interaction was investigated with an
extended hidden gauge symmetry in the chiral unitary model. A bound state slightly lower than the
DD¯∗ threshold was dynamically generated in the isoscalar channel, which was related to the X(3872).
An isoscalar BB¯∗ bound state was also found.
These authors in Ref. [340] studied the Zc(3900) and Zc(4020) structures in a constituent quark
model by considering the coupled-channels D(∗)D¯∗ + h.c., piJ/ψ, and ρηc. They found that these two
structures are virtual states, whose effects as shown in the production line shapes can be seen as the
D(∗)D¯(∗) threshold cusps.
In the hadrocharmonium picture, the authors of Ref. [341] studied possible ψ(2S)φ bound states.
They authors found that the obtained S-wave vector-vector bound state corresponds to a mass-degenerate
multiples, and the X(4274) can be such a state. The degeneracy indicates that two more structures
around the X(4274) should exist if this picture is correct. In Ref. [342], the bound states formed by
ηc or J/ψ and isoscalar mesons in the hadrocharmonium picture were investigated. From their results,
the X(3915), X(3940), X(4160), Y (4260), and Y (4360) are ηcη
′, ηcf0, ηcf1, J/ψf1, and J/ψf2 states,
respectively. A different assignment was proposed in Ref. [343] to interpret the X(3915), X(3940), and
X(4160) as dynamically generated resonances in the coupled channels of D∗D¯∗ and D∗sD¯
∗
s , with some
relevant ones.
Voloshin interpreted the Zc(4100) and Zc(4200) as two states of hadrocharmonium related by the
charm quark spin symmetry [344]. Later in Ref. [345], he predicted the existence of the strange
hadrocharmonium resonances Zcs(4250) and Zcs(4350) which decay dominantly into ηcK and J/ψK,
respectively.
In a study of the scattering problem related with near-threshold heavy-flavor resonances [346], the
authors found that both the DD¯∗ and other hadronic degrees of freedom are equally important inside
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the Zc(3900). The D
∗D¯∗, DsD¯∗s , and ΛcΛ¯c components inside the X(4020), X(4140), and Y (4660),
respectively, are not so important. For the Y (4260), this study favors its interpretation as the D1D¯
molecule. A previous study with the same approach [347] indicates that both the Zb(10610) and
Zb(10650) are dominated by the B
(∗)B¯∗ component, 76% and 68 %, respectively. See also discussions
in Ref. [348].
4.2 QQq¯q¯
In Ref. [349], besides the D∗s2(2573), the authors also studied the doubly charmed vector-vector
meson states within the hidden gauge formalism in a coupled channel unitary approach. They obtained
a pole around 3970 MeV in the I(JP ) = 0(1+) D∗D∗ channel, which is 100 MeV above the DD∗
threshold. Later in an extended work [338], the (b¯n)-(cn¯) and (b¯n)-(c¯n) interactions were systematically
investigated in order to see whether there are dynamically generated states. The authors noted that
the I(JP ) = 0(1+) bound states in B∗D¯, BD¯∗, and B∗D¯∗ systems are all possible. In Ref. [350], the
doubly charmed exotic states as meson-meson molecules were investigated. The authors studied the
scattering problem by solving the Lippmann-Schwinger equation, where the effective potentials were
derived from the chiral constituent quark model [351]. Their results suggest the existence of a stable
QQq¯q¯ state with I(JP ) = 0(1+).
The authors of Ref. [352] presented a study of possible doubly charm and doubly bottom molecular
states composed of a pair of heavy mesons, by solving the coupled Schro¨dinger equations through
the one-boson-exchange (OBEP) method. The authors got bound and/or resonant states of various
quantum numbers up to J ≤ 2. In the I(JP ) = 0(1+) case, they obtained the DD∗ and B¯B¯∗ bound
states with binding energies about tens of MeV. In another coupled channel calculation for the molecule
problem of (Qq¯)-(Qq¯) (Q = c, b, q = u, d, s) systems in the OBEP framework [353], the I(JP ) = 0(1+)
DD∗ and B¯B¯∗ bound states were also obtained. In addition, the I(JP ) = 0(1+) DB¯∗ molecule were
found to be bound together with several other molecules of various configurations. Studies of their
partner molecules can be found in Ref. [354].
Using the lattice potentials from Refs. [355, 356, 357] and the Born-Oppenheimer approximation,
Bicudo et al studied the udb¯b¯ tetraquark states and found an I(JP ) = 0(1+) state about 90 MeV below
the BB∗ threshold. Later in Ref. [358], an I(JP ) = 0(1−) resonance with m = 10576+4−4 MeV and
Γ = 112+90−103 MeV was found. The authors of Ref. [359] discussed the possible states with the exotic
doubly charmed configurations D∗s0(2317)D and D
∗
s1(2460)D
∗ based on the kaon-exchange interactions.
The authors obtained bound states in the JP = 0− and 2− channels.
In the framework of the chiral effective field theory, the authors of Ref. [360] derived the effective
DD∗ potentials up to the order O(2), where  can be the momentum of the pion, residual momentum of
heavy mesons, or theD-D∗ mass splitting. As shown in Fig. 6, the two pion exchange contribution which
is equivalent to phenomenological ρ and σ exchange contribution, was considered in their calculation.
With the obtained potentials in the coordinate space, the authors found an I(JP ) = 0(1+) bound
state by solving the Schro¨dinger equation. Further study in the same framework [361] showed that two
I(JP ) = 0(1+) bound states, B¯B¯∗ and B¯∗B¯∗, are possible.
4.3 QQ¯qqq
In 2011, the authors of Ref. [195] predicted the existence of the hidden-charm molecular pentaquarks
in the framework of one boson exchange model. Later, the hidden-charm Pc(4380) and Pc(4450) states
were announced by LHCb in the Λb → J/ψpK process [185], which inspired extensive discussions of the
molecular pentaquarks with the QQ¯qqq content. The research status of the hidden-charm molecular
pentaquarks composed of an S-wave charmed baryon and an S-wave anti-charmed meson was covered in
great details in Ref. [1]. Since the investigation along the same line continues, we discuss the progress in
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Figure 6: Two-pion-exchange diagrams at O(2) for the DD∗ interaction. The solid, double-solid, and
dashed lines stand for D, D∗, pion, respectively. Figure was taken from Ref. [360]
the past three years in this section. The coupled channel bound states problem of Σ
(∗)
c D¯(∗) was studied
with the one-pion-exchange model in Ref. [362]. The authors found the existence of one or two bound
states with the binding energy of several MeV below the Σ∗cD¯ threshold. This result indicates that the
Pc(4380) can be understood as a loosely bound molecule. The extended analysis to the bb¯, bc¯, and cb¯
cases also shows pentaquarks lying about 10 MeV below the corresponding thresholds. For the Pc(4450),
it was proposed to be the Feshbach resonance. In Ref. [363], an extended study for the coupled system of
I(JP ) = 1
2
(3
2
−
) J/ψN -ΛcD¯
(∗)-Σ(∗)c D¯(∗) with the complex scaling method was performed. The potential
included both the pion exchange and D(∗) meson exchange force. The contribution of the J/ψN channel
was very small, and a pentaquark candidate with a value close to the Pc(4380) was obtained.
In Ref. [364], the coupled (c¯n)-(cnn) meson-baryon systems were investigated in a one-meson-
exchange potential model. From the obtained bound and resonant states with I(JP ) = 1/2(3/2, 5/2)±,
the authors concluded that the JP assignments for the Pc(4380) and Pc(4450) are 3/2
+ and 5/2−,
respectively, in agreement with the LHCb results. In Ref. [365], the study was extended to include
coupling with compact five-quark channels and to the hidden-bottom case. The short-range effective
potential from the compact five-quark channel was found to be attractive, which plays an important
role in producing the Pc states.
The author of Ref. [335] explored the D¯∗Σc interactions with a Bethe-Saltpeter equation method
in the hadronic molecule picture by considering the channel coupling to J/ψp. A pole near the D¯∗Σc
threshold with JP = 5/2+ can be found. When this P -wave state is produced near threshold, the
S-wave pole corresponding to JP = 3/2− locates around 4390 MeV. These two poles are suggested to
be related with the Pc(4450) and Pc(4380), respectively. Later in Ref. [366], by replacing the c¯ quark
with the s¯ quark, the author interpreted the N(1875) and N(2100) as the strange molecular partners
of the Pc(4380) and Pc(4450), respectively.
In Ref. [367], possible strange hidden-charm pentaquarks in the Σ
(∗)
c D¯∗s and Ξ
(′,∗)
c D¯∗ systems were
investigated in a one-boson-exchange model. Promising candidates including I(JP ) = 0(1/2−) Ξ′cD¯
∗ and
0(1/2, 3/2)− Ξ∗cD¯
∗ states were predicted. This hidden-charm pentaquark with strangeness is accessible
at LHCb.
The authors of Ref. [368] discussed the scale invariance in hadron molecules like the Λc1D¯-ΣcD¯
∗ (Λc1
denotes Λc(2595)) coupled state, which is related to the Pc(4450). The nearly on-shell pion exchange
transition can generate a long-range 1/r2 potential which can lead to approximate scale invariance
for the equation describing the molecule if the attraction is strong enough. As a result, an Efimov-like
geometrical spectrum in two-hadron systems is possible. The molecules, Λc1D¯-ΣcD¯
∗ of 1/2+, Λc1D-ΣcD∗
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of 1/2+, Λc1Ξ¯b-ΣcΞ¯
′
b of 0
+/1−, and Λc1Ξb-ΣcΞ′b of 1
+, seem to satisfy the condition for the approximate
scale invariance.
In Ref. [369], Chen, Hosaka, and Liu explored the intermediate- and short-range forces in the
framework of one-boson-exchange model and studied various hadron-hadron bound state problems.
They found S-wave ΛcD¯, ΛcB, ΛbD¯, and ΛbB molecules. In the study of bound state problems in
Ref. [370], the authors proposed a one-boson-exchange potential model by adding a screen Yukawa-like
potential. From their results, the Pc(4450) was interpreted as an I(J
P ) = 1/2(3/2−) ΣcD¯∗ molecule.
The authors of Ref. [371] presented an exploratory study of possible D¯Λc-D¯Σc and BΛc-BΣc
resonances by extending the Ju¨lich-Bonn dynamical coupled-channel framework, which is a unitary
meson-baryon exchange model. The authors found one pole in each partial wave up to JP = 5/2± in
the hidden-charm case and several poles in partial waves up to G17 in the hidden-bottom case. The
very narrow pole with JP = 1/2− in the hidden-charm case was interpreted as a D¯Σc bound state,
which was predicted in Refs. [184, 193].
In Ref. [372], Huang and Ping investigated the hidden-charm and hidden-bottom pentaquark reso-
nances in hadron-hadron scattering processes in the framework of the quark delocalization color screen-
ing model. They found a few narrow hidden-charm resonances above 4.2 GeV and some narrow hidden-
bottom states above 11 GeV. Besides, they also noticed bound (QQ¯)-N states from the behavior of the
low-energy phase shifts obtained with coupled channel calculations.
In Ref. [373], the authors interpreted the Pc(4450) as a ψ(2S)N bound state generated by the
charmonium-nucleon interaction in terms of charmonium chromoelectric polarizabilities and the nucleon
energy-momentum distribution. They obtained two almost degenerate narrow states at the position of
the Pc(4450) with J
P = 1/2− and 3/2−. The authors of Ref. [374] confirmed the results and predicted
the isospin-3/2 ψ(2S)∆ narrow bound states around 4.5 GeV and broader resonances around 4.9 GeV
in the framework of the Skyrme model. Later in Ref. [375], with a QCD inspired approach, the authors
interpreted the Pc(4450) as a bound ψ(2S)N state with J
P = 3/2−, which is a member of one of two
almost degenerate hidden-charm baryon octets. According to their study, one has to assign the Pc(4380)
as a JP = 5/2+ state but no natural interpretation was found in the hadroquarkonium picture. The
authors also studied the other hadroquarkonia and compared their results with those in the one-pion
exchange approach. They did not find any Υ(1S)N bound state but found an inconclusive Υ(2S)N
state.
A study of the LHCb Pc states in the hadroquarkonium picture was carried out in Ref. [327].
The authors solved the Schro¨dinger equation with the potential from QCD multiple expansion and got
spectrum. The Pc(4380) and Pc(4450) can be interpreted as the ψ(2S)N and χc2(1P )N bound states,
respectively. They also predicted the hadroquarkonium states in the hidden-bottom sector.
Unfortunately, no evidence of the exotic ψ(2S)p state was observed by LHCb in the Λ0b decay into
ψ(2S)ppi− [376]. The hadrocharmonium picture is being challenged.
After the observation of Pc(4380) and Pc(4450), their possible inner structures were proposed either
as tightly bound pentaquark states [210, 211, 377, 377, 378, 98, 100] or loosely bound molecular states
[206, 207]. However, the experimental data in Ref. [185] was unable to distinguish these configurations.
In 26 March 2019, at the Rencontres de Moriond QCD conference, the LHCb Collaboration reported
the observation of three new pentaquarks [68]. The observed Pc(4312)
+ may correspond to the ΣcD¯
molecule with I(JP ) = 1/2(1/2−), while the Pc(4440)+ and Pc(4457)+ can be identified as the ΣcD¯
molecular states with I(JP ) = 1/2(1/2−) and 1/2(3/2−). The current measurement strongly supports
the molecular hidden-charm pentaquarks predicted in Refs. [195, 184, 193], which shall become a mile-
stone in the exploration of the multiquark matter. After their announcement, these three pentaquark
states were immediately studied in the QCD sum rules [379], the one-boson-exchange(OBE) model [380],
a contact-range effective field theory and a contact-range effective field theory [381]. The isospin break-
ing decay pattern was studied in [382]. In Ref. [380], the authors studied these new pentaquarks in
a direct calculation with the OBE model. Their result supported that the Pc(4312)
+, Pc(4440)
+ and
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Pc(4457)
+ may correspond to the loosely bound ΣcD¯ molecule with (I = 1/2, J
P = 1/2−), ΣcD¯∗ with
(I = 1/2, JP = 1/2−) and ΣcD¯∗ with (I = 1/2, JP = 3/2−), respectively.
4.4 QQqqq¯
In Refs. [205, 383], various baryon-meson molecular states were studied by considering vector-
meson exchange forces as well as the coupled channel effects with the broken SU(4) flavor symmetry.
In the charm number C = 2 sector, the authors predicted more than 10 states with various quantum
numbers. The authors of Ref. [384] predicted a possible ΞccK¯ molecule, and the authors of Ref. [385]
systematically studied dynamically generated double-charm baryons in a coupled channel unitary model.
In a chiral unitary approach, the authors of Ref. [386] studied various dynamically generated double-
charm meson-baryon states through vector meson exchanges interactions. They found ten molecular
pentaquark states.
In Ref. [387], the ΛcD and ΛbB¯ interactions and related bound state problems were studied. The
authors derived two-pion-exchange potentials and regularized the divergence with a phenomenological
cutoff. With solutions from the Schro¨dinger equation, they concluded that the ΛbB¯ bound state is
possible, but the ΛcD bound state can only be prudently expected. In Ref. [369], Chen, Hosaka, and
Liu explored the intermediate- and short-range forces in the framework of one-boson-exchange model
and studied various hadron-hadron bound state problems. They found S-wave ΛcD, ΛcB¯, ΛbD, and
ΛbB¯ molecules.
In addition to the study of the I(JP ) = 1/2(3/2−) coupled system J/ψN -ΛcD¯(∗)-Σ
(∗)
c D¯(∗) in Ref.
[363], Shimizu and Harada also considered the coupled system ΛcD
(∗)-Σ(∗)c D(∗) in the I(JP ) = 1/2(3/2−)
channel. The authors used the same one-pion-exchange potential after the antimesons are replaced by
mesons. They noted that there exists a doubly charmed baryon of the ccnnn¯ type as a hadronic
molecule, named Ξ∗cc(4380), whose mass and width are close to those of Pc(4380).
The observation of the double-charm baryon Ξcc(3621) by LHCb stimulated the investigations of the
molecule-type QQqqq¯ states in the literature. In Ref. [388], Guo considered the scattering of the QQq
baryons and Goldstone bosons in a chiral effective theory. According to their calculation, there are a pair
of bound and virtual states near the ΞccK threshold, indicating that there exists an interesting exotic
state with the quark component ccuds¯. A resonance pole around the ΞccK¯ threshold, a bound state
below the ΞccK¯ threshold, and two resonances around the Ξccpi and ΩccK thresholds were also found.
The authors of Ref. [370] presented a study of various meson-baryon and baryon-baryon/antibaryon
states in a one-boson-exchange potential model compensated by a screened Yukawa-like potential. A
series of double-heavy molecules were obtained.
4.5 QQQqq¯
In addition to the molecular bound or resonant states with charm number C = 0, C = −1, C = 1,
and C = 2, the states with C = 3 were also studied in Refs. [205, 383]. A flavor singlet bound state
with JP = 1/2− (3/2−) with mass around 4.3 (4.3) GeV is possible, which results from the scattering
of a QQq baryon and a Qq¯ meson as well as a QQQ baryon and a qq¯ meson. In the systematic study of
triply charmed dynamically generated baryons in Ref. [385], the authors found one JP = 1/2− bound
state around 4.4 GeV and one JP = 3/2− bound state around 4.5 GeV by coupling (ccc)-(qq¯) and
(ccq)-(cq¯) channels.
The discovery of the charmonium-likeXY Z states and Pc(4380) and Pc(4450) pushed the exploration
of the hadronic molecular states in the past decade, which was based on the interaction between charmed
hadron and anti-charmed hadron. The observation of the double-charm baryon Ξ++cc (3621) drives us
to further explore the interaction between the double-charm baryon and charmed meson, which is a
natural extension of the one boson exchange model as shown in Fig. 7. The same idea was further
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extended to the investigation of the interaction between the double-charm baryon and charm baryon in
Ref. [389].
XYZ states Pc(4380) Pc(4450)
charmed 
meson
anti-charmed 
meson
anti-charmed 
meson
charmed 
baryon
Triple-charm 
molecular 
pentaquark
charmed 
meson
double-charm 
baryon
Figure 7: Evolution of interaction of hadrons and the corresponding connections with charmonium-like
XY Z states, Pc(4380)/Pc(4450) and triple-charm molecular pentaquark. Figure was taken from Ref.
[390].
Due to the above motivation, in a one-boson-exchange potential model, possible molecular states
formed by the Ξcc(3621) and a charmed state D and D
∗ were discussed in Ref. [390]. Two isoscalar
bound states, ΞccD of 1/2
− and ΞccD∗ of 3/2−, were found. Similar bound states with the same
quantum numbers were found by replacing D(∗) with B¯(∗). In Ref. [391], possible triple-charm molecular
pentaquarks ΞccD1 and ΞccD
∗
2 were further discussed. The I(J
P ) = 0(1/2+, 3/2+) ΞccD1 and I(J
P ) =
0(3/2+, 5/2+) ΞccD
∗
2 loosely bound molecules are possible.
4.6 A short summary
Since 2003, the observations of a series of charmonium-like near-threshold XY Z states have stimu-
lated strong interest in the interactions between two heavy mesons. Later, the coupled-channel effect,
various hyperfine interactions and recoil corrections were introduced into the one-boson-exchange model
step by step. Within this simple framework, the hidden-charm molecular type pentaquarks were pre-
dicted. In 2015, LHCb collaboration did surprise us with two Pc states. Very recently, LHCb collabora-
tion updated their analysis with a ten times larger data sample, which strongly supports the molecular
pentaquarks. At present, the one boson exchange model remains an effective and popular tool to deal
with the hadronic interactions.
However, this framework sometimes lacks the definite predictive power because of too many unknown
parameters such as the coupling constants and cutoff parameter. The original one-boson-exchange model
was proposed for the nuclear force where there exists plenty of experimental data such as the deuteron
binding energy and enough nucleon nucleon scattering data, which can be used to fix all the unknown
model parameters. In contrast, except the pionic couplings, most of the light meson and heavy hadron
interaction vertices remain unknown. Especially, the bound state or resonance solution is very sensitive
to the cutoff parameter in the form factor which is introduced to suppress the ultraviolet contribution.
One may borrow the same formalism from the modern nuclear force and construct the interaction
potential between two heavy hadrons in the framework of chiral perturbation theory. The pion exchange
is still responsible for the long-range force. The two-pion exchange mimics the scalar meson and vector
meson exchange to some extent. The contact heavy hadron interaction contributes to the short-range
interaction in terms of the low energy constants which may be extracted through fitting to the lattice
simulation data on the heavy hadron scattering if possible. One may expect significant progress along
this direction in the future.
In short summary, many loosely bound molecular states or resonances such as the hidden-charm and
open-strange pentaquark states and triple-charm pentaquark states have been proposed either within
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the one-boson-exchange model or with various unitary schemes, which may be searched for at LHCb
and BelleII.
5 Heavy quark symmetry and multiquark states
QCD exhibits the chiral symmetry in the limit when quarks are massless, and the heavy quark
symmetry [392] in the limit when quarks have infinitely large masses, both of which play important
roles in understanding properties of hadrons and their interactions. The latter symmetry indicates
both the heavy quark flavor symmetry (HQSS) which means that the dynamics is not affected by the
exchange of heavy quark flavors, and the heavy quark spin symmetry (HQSS) which means that the
dynamics is irrelevant of the heavy quark spin. For hadrons containing a single heavy quark, there
exist degenerate multiplets which can be classified by the angular momentum of the light degree of
freedom inside the hadrons. Recently, discussions about the application of the heavy quark symmetry
to hadronic systems containing one heavy quark were performed in Ref. [393].
In the heavy quark limit, the heavy quark core of a hadron looks like a static color source, and the
hadron resembles an atomic system. For conventional mesons with one heavy quark and conventional
baryons with two heavy quarks, the heavy color source is of course in the representation 3c/3¯c. They can
be related with the heavy antiquark-diquark symmetry (HADS) [394, 395, 396, 397] since the motion
and spin interactions of the color source are negligible in this limit. An example of such relations is
given in Ref. [397]
MΞ∗cc −MΞcc =
3
4
(MD∗ −MD). (38)
For multiquark hadrons with two heavy quarks, the heavy quark core can also be in the representation
6c. One may naively expect that the lowest states contain the color-3¯c heavy diquarks only, and then the
doubly heavy tetraquarks can be related to the doubly heavy baryons. In fact, mass relations between
QQq¯q¯, QQq, Qqq, and Qq¯ states [164],
M(QQq¯q¯)−M(QQq) = M(Qqq)−M(Qq¯), (39)
can be found according to the heavy quark symmetry. In Ref. [397], other mass relations were given.
Similarly, one may understand that relations exist between QQqqq¯ pentaquarks and Qqq¯q¯ tetraquarks.
With these heavy quark relations and heavy quark mass corrections, one may predict relevant multiquark
masses.
The heavy quark symmetry may also be used to discuss hadronic molecule problem, where no
additional light particles are created and the heavy hadron components remain distinct and move non-
relativistically [398]. From the existence of one molecule which consists of two or more heavy hadrons,
one can expect possible existence of its partner molecules according to the heavy quark symmetry. The
respective binding energies can be obtained by solving the Schro¨dinger equation.
5.1 QQ¯qq¯
In Ref. [399], the exotic charmonium spectrum in hadron-charmonium, tetraquark, and hadronic
molecule scenarios were investigated by employing heavy quark spin symmetry. The spectrum patterns
from different models turn out to be quite distinct. For the Y (4260), a lighter 0−+ partner state around
4140 MeV should exist only within the hadrocharmonium picture.
Three hadronic partner states of theX(3872) with JPC = 0++, 1+−, and 2++ should exist in the strict
heavy-quark limit, if it is a 1++ DD¯∗ molecular state [400]. Once the one-pion-exchange interaction
was included, this result was found to be robust only if all relevant channels and partial waves are
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considered. The heavy-quark spin symmetry implied spin partners of the Zb(10610) and Zb(10650),
which were studied by assuming they are BB¯∗ and B∗B¯∗ molecules, respectively in Ref. [401]. With
the force from short-range contact terms and the one-pion-exchange potential, the authors predicted
the existence of an isovector JPC = 2++ tensor state lying a few MeV below the B∗B¯∗ threshold.
In Ref. [402], the heavy quark symmetry partners of the X(3872) were discussed by assuming that
this exotic meson is a DD¯∗ molecule. With the one-boson-exchange (pi, σ, ρ, ω) potential model in which
the cutoff parameter was extracted from X(3872), the bound state problems of these meson-antimeson
systems were discussed. The location and quantum numbers of the Zb(10610) and Zb(10650) were
correctly reproduced. Other bound states such as I(JPC) = 0+(2++) D∗D¯∗, 0+(1++) BB¯∗, and 0+(2++)
B∗B¯∗ were predicted. We refer interested readers to Ref. [403], which introduced an effective Lagrangian
implementing the heavy quark symmetry to describe those molecular states. See also Refs. [404, 405]
where the non-relativistic effective theory was applied to describe heavy quarkonium hybrids .
In Ref. [406], Voloshin proposed the existence of light quark spin symmetry (LQSS) in molecular
Zb resonances, Zb(10610) ∼ |B∗B¯, BB¯∗〉 and Zb(10650) ∼ |B∗B¯∗〉, by noticing the weak coupling of the
Zb(10650) to the B
∗B¯ + BB¯∗ channel. In the case of free heavy meson pairs, the spin structure of the
two Zb states reads
Zb(10610) ∼ 1√
2
(1−
bb¯
⊗ 0−qq¯ + 0−bb¯ ⊗ 1−qq¯), Zb(10650) ∼
1√
2
(1−
bb¯
⊗ 0−qq¯ − 0−bb¯ ⊗ 1−qq¯). (40)
In the case of interacting heavy meson pairs, if the interaction in the state 1−qq¯ differed from that in
0−qq¯, the two Zb states would not be the eigenstates for interaction mesons. Then, one has to assume
that the interaction between the mesons does not depend on the total spin of the light quark-antiquark
pair, which is the proposed LQSS. Unlike the HQSS, this approximate symmetry is not a symmetry
from the underlying QCD, and is manifestly broken by the pion exchange force. Although the LQSS
is unexpected, it was used to predict the existence of four new isovector negative G-parity resonances,
0+ BB¯, 1+ BB¯∗, 0+ B∗B¯∗, and 2+ B∗B¯∗, together with the HQSS. The application of this symmetry
to the charm quark case would be complicated, because of the enhanced violation of HQSS and the
breaking of isospin symmetry.
5.2 QQq¯q¯
In Ref. [164], Eichten and Quigg calculated the masses of the QQq¯q¯ (Q = c, b, q = u, d, s) tetraquark
states based on mass relations obtained from the heavy quark symmetry and finite-mass corrections.
According to their results, the I(JP ) = 0(1+) ccu¯d¯ state is 102 MeV above the D+D∗0 threshold, while
the bbu¯d¯ state is 121 MeV below the B−B¯∗0 threshold. The finding is consistent with that by Karliner
and Rosner [166]. Besides, this calculation indicated a stable bbn¯s¯ bound state with I(JP ) = 0(0+) but
no stable bcu¯d¯.
The chiral Lagrangian that uses HADS to relate doubly heavy tetraquarks to singly heavy baryons
was given in Ref. [165], which is an extension of Ref. [407]. The author constructed the chiral Lagrangian
for multiplets containing singly heavy mesons and doubly heavy baryons. With these Lagrangians and
the measured mass of the Ξcc, Mehen studied properties of the five lowest-lying excited ccn states
together with doubly heavy tetraquarks. He noted that the lowest I(JP ) = 0(1+) bbu¯d¯ state should be
stable. If its mass is below 10405 MeV, he argued that the I(JP ) = 1(1+) bbu¯d¯ state should also be
stable.
In Ref. [398], the authors presented a model-independent argument about the existence of near
threshold exotic mesons containing two heavy quarks. Based on Born-Oppenheimer and semi-classical
considerations, they found the existence of parametrically narrow tetraquarks, which are close to the
threshold of two heavy mesons.
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5.3 QQ¯qqq and QQQqq¯
In Ref. [408], the structure of heavy quark spin multiplets for the S-wave P¯ (∗)Σ(∗)Q molecular states
was studied. The authors introduced the light cloud spin (LCS, the allowed angular momentum of
the light degree of freedom) basis, and constructed the unitary transformation matrices in relating the
LCS basis and the molecule basis. They found four types of multiplets classified by the structure of
heavy quark spin and LCS, and discussed their restrictions on decay widths of the molecules. In Ref.
[409], they extended the formalism to study the heavy quark spin multiplet structures of the Pc-like
pentaquarks as P -wave hadronic molecules. Solving the coupled-channel Schro¨dinger equation in the
OPEP model and comparing results with the previous study [408], they pointed out that it seems
difficult to explain the masses and decay widths of the Pc(4380) and Pc(4450) simultaneously.
In Ref. [410], the authors discussed the possible partner state of the Pc(4450) according to the heavy
quark spin symmetry assuming it to be a JP = 3/2− D¯∗Σc bound state. They predicted the existence
of a 5/2− D¯∗Σ∗c molecule with a binding energy similar to the Pc(4450). In fact, before the observation
of Pc states by LHCb, the authors of Ref. [198] had discussed the heavy-quark spin multiplet structures
in hidden-charm molecules.
Besides the hidden-charm partner state of the Pc(4450), the authors of Ref. [410] also discussed the
possible open-charm molecule partners of the Pc(4450) using HADS. They predicted the ΞccΣc molecule
with JP = 0+, ΞccΣ
∗
c molecule with J
P = 1+, Ξ∗ccΣc molecule with J
P = 2+, and Ξ∗ccΣ
∗
c molecule with
JP = 3+. The binding energies of all these states are in the 20∼30 MeV range.
6 QCD sum rules
The formalism of QCD sum rules is a powerful and successful non-perturbative method [411, 412],
which has been widely applied to study the mass spectra and decay properties of various exotic hadrons.
Since we have thoroughly reviewed its applications to the hidden-charm pentaquark and tetraquark
states in Ref. [1] and its applications to the open-charm tetraquark states in Ref. [413], we shall only
briefly introduce the recent progress of this method in the present view, and we refer interested readers
to Refs. [1, 413, 411, 412, 414, 415, 416, 417] for more discussions.
6.1 A short induction to QCD sum rules
A key idea of QCD sum rules is the quark-hadron duality, i.e., the equivalence of the (integrated)
correlation functions at both the hadron level and the quark-gluon level.
When studying the mass spectrum of the hadron H, one calculates the two-point correlation function
Π(q2) ≡ i
∫
d4xeiqx〈0|Tη(x)η†(0)|0〉 , (41)
at both the hadron and quark-gluon levels. Here η(x) is an interpolating current which has the same
quantum numbers as the hadron H, and their coupling is defined to be
〈0|η(0)|H〉 ≡ fH . (42)
The interpolating current η(x) can partly reflect the internal structure of the hadron H, but we still do
not fully understand this relation [418, 419]. We shall discuss this in details in the next subsection.
At the hadron level one expresses Π(q2) in the form of the dispersion relation:
Π(q2) =
1
pi
∫ ∞
s<
ImΠ(s)
s− q2 − iεds (43)
≡
∫ ∞
s<
ρphen(s)
s− q2 − iεds ,
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where ρphen(s) ≡ ImΠ(s)/pi is the spectral density, for which one usually adopts a parametrization of
one pole dominance for the ground state H and a continuum contribution:
ρphen(s) ≡
∑
n
δ(s−M2n)〈0|η|n〉〈n|η†|0〉
= f 2Hδ(s−M2H) + continuum . (44)
At the quark-gluon level, one calculates Π(q2) using the method of operator product expansion
(OPE), and calculates the spectral density ρOPE(s) up to certain order in the expansion. After per-
forming the Borel transformation at both the hadron and quark-gluon levels, and approximating the
continuum using ρOPE(s) above a threshold value s0, one obtains the sum rule equation
Π(s0,M
2
B) ≡ f 2He−M
2
H/M
2
B =
∫ s0
s<
e−s/M
2
BρOPE(s)ds , (45)
which can be used to calculate MH through
M2H =
1
Π(s0,M2B)
∂Π(s0,M
2
B)
∂(−1/M2B)
=
∫ s0
s<
e−s/M
2
BsρOPE(s)ds∫ s0
s<
e−s/M2BρOPE(s)ds
. (46)
The above two-point correlation function is investigated when extracting hadron masses, while one
can also consider the three-point correlation function to study their decay properties:
TA→BC(p, p′, q) =
∫
d4xd4yeip
′xeiqy〈0|TηB(x)ηC(y)ηA†(0)|0〉 . (47)
Here p, p′, and q are the momenta of A, B, and C, respectively. The above correlation function can be
used to study the A→ BC decay. One still calculates it at both the hadron and quark-gluon levels.
At the hadron level one expresses TA→BC(p, p′, q) as:
TA→BC(p, p′, q) = gA→BC × fAfBfC
(m2A − p2)(m2B − p′2)(m2C − q2)
, (48)
where gA→BC is the coupling constant, and fA, fB, and fC are the relevant decay constants.
At the quark-gluon level one calculates TA→BC(p, p′, q) using the method of operator product expan-
sion (OPE). Again, by using the quark-hadron duality to relate the expressions of TA→BC(p, p′, q) at the
hadron and quark-gluon levels, one can calculate the coupling constant gA→BC , and further evaluate
the decay width of the A→ BC process.
6.2 Interpolating currents and their relations to physical states
When applying the method of QCD sum rules to investigate a physical state, one always needs to
construct the relevant interpolating current. However, we still do not fully understand their relations:
the interpolating current sees only the quantum numbers of the physical state, so it can also couple
to other physical states and thresholds having the same quantum numbers; while one can sometimes
construct more than one interpolating currents, all of which couple to the same physical state.
In 2006 we first systematically constructed all the uds¯s¯ interpolating currents of JPC = 0++ in a
local product form, and found that there are five independent currents for this channel [420]. They can
be either in the diquark-antidiquark form ([qq][q¯q¯])
S6 = (s¯aγ5Cs¯
T
b )(u
T
aCγ5db) ,
V6 = (s¯aγµγ5Cs¯
T
b )(u
T
aCγ
µγ5db) ,
T3 = (s¯aσµνCs¯
T
b )(u
T
aCσ
µνdb) , (49)
A3 = (s¯aγµCs¯
T
b )(u
T
aCγ
µdb) ,
P6 = (s¯aCs¯
T
b )(u
T
aCdb) .
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or in the meson-meson form ([q¯q][q¯q])
S1 = (s¯aua)(s¯bdb) , S8 = (s¯aλ
n
abub)(s¯cλ
n
cddd) ,
V1 = (s¯aγµua)(s¯bγ
µdb) , V8 = (s¯aγµλ
n
abub)(s¯cγ
µλncddd) ,
T1 = (s¯aσµνua)(s¯bσ
µνdb) , T8 = (s¯aσµνλ
n
abub)(s¯cσ
µνλncddd) , (50)
A1 = (s¯aγµγ5ua)(s¯bγ
µγ5db) , A8 = (s¯aγµγ5λ
n
abub)(s¯cγ
µγ5λ
n
cddd) ,
P1 = (s¯aγ5ua)(s¯bγ5db) , P8 = (s¯aγ5λ
n
abub)(s¯cγ5λ
n
cddd) ,
and can be related to each other through the Fierz transformation [421, 422, 423, 420]. In the above
expressions, a and b are color indices, C = iγ2γ0 is the charge conjugation operator, and the superscript
T represents the transpose of Dirac indices. Note that only five of the ten currents in Eqs. (50) are
independent, and all of them can be written as combinations of Eqs. (49). We refer to Ref. [420] for
detailed discussion.
Later we applied the same method to systematically study various tetraquark, pentaquark, dibaryon
and baryonium states [420, 424, 425, 426, 427, 428, 429, 430, 431, 432, 433, 434, 435, 436, 437, 438,
439, 440, 267]. Since the internal structure of multiquark states is quite complicated, we also applied
this method to systemically conventional mesons and baryons [441, 442, 443, 444, 445, 446, 447, 448,
449, 450, 451]. We clearly verified in many cases that the local diquark-antidiquark ([qq][q¯q¯]) and
meson-meson ([q¯q][q¯q]) currents can be related to each other, so a straightforward conclusion is that
the method of QCD sum rules can not actually differentiate the compact tetraquark and the hadronic
molecule, when local four-quark currents are taken into account.
After so many QCD sum rule studies, we have obtained some experiences on hadronic interpolating
currents and their relations to hadronic states, for examples,
1. The singly heavy baryons were systematically studied in Refs. [452, 453, 454, 455, 456, 457, 458,
459, 460], where we found that they have rich internal structures (see references of the review [413]
for more relevant discussions). There can be as many as three P -wave excited Ωc states of
JP = 1/2−, three of JP = 3/2−, and one of JP = 5/2−. For each state we constructed one relevant
interpolating current. Maybe not all of them exist in nature, but the LHCb experiment [461] did
observe as many as five excited Ωc states at the same time, all of which are candidates of P -wave
charmed baryons.
2. The mass spectra of vector and axial-vector hidden-charm tetraquark states were systematically
investigated in Ref. [462], where we found as many as eight qcq¯c¯ (q = u/d) interpolating currents
of JPC = 1−−. Comparably, there were also many vector charmonium-like states observed in
particle experiments [35], including the Y (4008) [463], Y (4220) [464], Y (4320) [63], Y (4360) [465],
Y (4630) [466], and Y (4660) [467], etc.
3. The hidden-charm pentaquark states having spin J = 1
2
/3
2
/5
2
were systematically studied in
Refs. [207, 468, 469], where we constructed hundreds of hidden-charm pentaquark interpolat-
ing currents. In 2015 the first two hidden-charm pentaquark states, Pc(4380) and Pc(4450), were
discovered by LHCb [185]. In this year LHCb discovered a new candidate Pc(4312), and at the
same time they separated the Pc(4450) into two structures, Pc(4440) and Pc(4457) [68]. One
may expect there would exist more hidden-charm pentaquark states to be discovered in future
experiments.
The internal structures of (exotic) hadrons are not so simple. In QCD sum rule studies, we can construct
relevant interpolating currents to partly reflect such internal structures, but their relations are even more
complicated.
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To clarify this problem, we found a good subject in Ref. [418] that there are only two independent
sss¯s¯ tetraquark currents of JPC = 1−− [470]:
η1µ = (s
T
aCγ5sb)(s¯aγµγ5Cs¯
T
b )− (sTaCγµγ5sb)(s¯aγ5Cs¯Tb ) , (51)
η2µ = (s
T
aCγ
νsb)(s¯aσµνCs¯
T
b )− (sTaCσµνsb)(s¯aγνCs¯Tb ) , (52)
We can also construct four non-vanishing meson-meson (s¯s)(s¯s) interpolating currents with JPC = 1−−,
but they all depend on the above two diquark-antidiquark (ss)(s¯s¯) ones. Their relations can be derived
by using the Fierz transformation [421, 422, 423, 420].
We have separately used η1µ and η2µ to perform QCD sum rule analyses in Ref. [470], by calculating
the diagonal terms:
〈0|Tη1µ(x)η†1ν(0)|0〉 and 〈0|Tη2µ(x)η†2ν(0)|0〉 . (53)
The masses extracted are both around 2.3 GeV, which can be used to explain the Y (2175) of JPC = 1−−.
To study the relations between interpolating currents and their relevant physical states, given that
we do not know how to diagonalize physical states, in Ref. [418] we further calculated the following
off-diagonal term
〈0|Tη1µ(x)η†2ν(0)|0〉 , (54)
which were found to be non-zero, suggesting that η1µ and η2µ can couple to the same physical state.
Based on Eqs. (53) and (54), two new currents were obtained in Ref. [418]
J1µ = cos θ η1µ + sin θ i η2µ , (55)
J2µ = sin θ η1µ + cos θ i η2µ ,
satisfying
〈0|TJ1µ(x)J†2ν(0)|0〉 
√
〈0|TJ1µ(x)J†1ν(0)|0〉〈0|TJ2µ(x)J†2ν(0)|0〉 . (56)
Hence, these two new currents are non-correlated, and should not strongly couple to the same physical
state. In Ref. [418] we assumed they couple to two different states, whose masses were extracted to be
MJ1 = 2.41± 0.25 GeV , (57)
MJ2 = 2.34± 0.17 GeV , (58)
with the mass splitting
∆M = 71+172− 48 MeV . (59)
The mass extracted using J2µ is consistent with the experimental mass of the Y (2175), suggesting that
J2µ may couple to the Y (2175); while the mass extracted using J1µ is a bit larger, suggesting that the
Y (2175) may have a partner state, whose mass is around 71+172− 48 MeV larger. The latter may be used to
explain the structure in the φf0(980) invariant mass spectrum at around 2.4 GeV [471, 43, 472, 44, 473].
Later this method was applied in Ref. [419] to study the sss¯s¯ tetraquark states with JPC = 1+−.
Again two independent interpolating currents were found, but any one of them was found to give reliable
QCD sum rule results. The mass was extracted to be 2.00+0.10−0.09 GeV, which can be used to explain the
X(2063) observed by BESIII recently [474].
In Ref. [475], the authors applied the same method to investigate four charged charmonium-like
states at the same time, including the Zc(3900), Zc(4020), Zc(4430), and Zc(4600) [476]. Their results
suggest that the Zc(3900) and Zc(4020) are two S-wave tetraquark states with J
PC = 1+−, and the
other two higher states can be established as their first radial excitations; the Zc(3900) and Zc(4430)
both contains one “good” diquark with JP = 0+ and one “bad” diquark with JP = 1+, while the
Zc(4020) and Zc(4600) both contains two “bad” diquarks with J
P = 1+; an illustration is given in
Fig. 8.
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Figure 8: Possible interpretations of the Zc(3900), Zc(4020), Zc(4430), and Zc(4600), supported by a)
the phenomenological analyses within the type II diquark-antidiquark model [97], and b) the QCD sum
rule analyses performed in Ref. [475]. Taken from Ref. [475].
6.3 QQ¯qq¯ and QQQ¯Q¯
Recently, the QCD sum rule method has been extensively used to study the tetraquark systems [477,
478, 479, 480, 481, 482, 483, 484, 485, 486, 487, 488, 489, 490, 491, 492, 493, 494, 495, 496, 497, 498, 499,
500, 501, 502, 503]. Most of these works have been already reviewed in Refs. [416, 1]. In this paper, we
shall only introduce some very recent studies on the hidden-charm tetraquarks and pentaquarks. We
will also introduce some investigations on the doubly, triply and fully charmed and bottom tetraquark
states. These tetraquark systems are probably very stable and narrow against the strong decays, and
thus motivated lots of theoretical interests. In this subsection we review the QCD sum rule studies on
hidden-charm tetraquarks states in recent years.
To study the structures of the X(3915), X(4350), X(4160) and X∗(3860) in the diquark-antidiquark
model, the authors of Ref. [504] investigated the hidden-charm and hidden-bottom qcq¯c¯, scs¯c¯, qbq¯b¯, sbs¯b¯
tetraquark states with JPC = 0++ and 2++ in the framework of QCD sum rules. They constructed
ten scalar and four tensor interpolating currents to calculate the two-point correlation functions. After
performing the numerical analyses, they obtained the mass spectra for the hidden-charm qcq¯c¯ and scs¯c¯
tetraquark. As shown in Fig. 9, the mass of the 0++ hidden-charm qcq¯c¯ tetraquark extracted from the
currents J4(x), J9(x) and J10(x) was about 3.8 − 3.9 GeV, which was consistent with the mass of the
X∗(3860) state. However, the tensor qcq¯c¯ tetraquark state was calculated to be around 4.06 − 4.16,
which was a bit higher than the mass of X∗(3860). This implies that the assignment JPC = 0++
is favored for X∗(3860) than 2++, if it is a tetraquark. The same conclusion can be obtained for
X(3915). For X(4160), their results cannot distinguish the scalar and tensor configurations, due to the
nearly degenerated masses for them. It is also shown that the X(4350) cannot be interpreted as a scs¯c¯
tetraquark with either JPC = 0++ or 2++. The X∗(3860) was also studied as a tetraquark state in
Ref. [505].
In Ref. [267], the newly observed X(4500) and X(4700) were studied together with the X(4140)
and X(4274) states, based on the diquark-antidiquark configuration in the framework of QCD sum
rules. The authors found that the X(4500) and X(4700) can be both interpreted as D-wave tetraquark
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Figure 9: The mass spectra for the hidden-charm qcq¯c¯ and scs¯c¯ tetraquark states with JPC = 0++ and
2++, taken from Ref. [504]
states with the quark content csc¯s¯ and quantum numbers JP = 0+: the X(4500) consists of one D-wave
“bad” diquark and one S-wave “bad” antidiquark, with the antisymmetric color structure [3¯c]cs⊗ [3c]c¯s¯;
the X(4700) consists of similar diquarks, but with the symmetric color structure [6c]cs ⊗ [6¯c]c¯s¯. These
two interpretations were remarkably similar to those obtained in Ref. [462], in which the X(4140) and
X(4274) can be both interpreted as S-wave csc¯s¯ tetraquark states of JP = 1+, but with distinct color
structures. They also calculated the masses of the hidden-bottom partner states of the X(4500) and
X(4700) and suggested to search for them in the Υφ invariant mass distribution. The masses and
decay widths for the X(4500), X(4700), X(4140) and X(4274) mesons were also studied as the csc¯s¯
tetraquark states in Refs. [506, 507, 508] and molecule state in Ref. [509] by using QCD sum rules.
The QCD sum rule has also been performed to study the doubly hidden-charm/bottom tetraquark
states in Ref. [510], in which the moment method was adopted instead of the Borel transformation. The
moment was defined as the n-th derivative of the correlation function Π(Q2) in the Euclidean region
Mn(Q
2
0) =
1
n!
(
− d
dQ2
)n
Π(Q2)|Q2=Q20
=
∫ ∞
16m2Q
ρ(s)
(s+Q20)
n+1
ds =
f 2X
(m2X +Q
2
0)
n+1
[
1 + δn(Q
2
0)
]
, (60)
where ρ(s) is the spectral function and the narrow resonance approximation was adopted in the last
step. The δn(Q
2
0) in Eq. (60) contains the contributions of higher states and the continuum. It tends to
zero as n goes to infinity for a certain value of Q20. Then the hadron mass of the lowest lying resonance
can be obtained as
mX =
√
Mn(Q20)
Mn+1(Q20)
−Q20 . (61)
In Refs. [510, 511], the authors studied both the ccc¯c¯ and bbb¯b¯ tetraquark systems with various
quantum numbers. As shown in Fig. 10, all the bbb¯b¯ tetraquark states were predicted to be slightly
below than the mass thresholds of ηb(1S)ηb(1S) and Υ(1S)Υ(1S), while the ccc¯c¯ tetraquarks lied above
the two-charmonium thresholds ηc(1S)ηc(1S) and J/ψJ/ψ. Moreover, the positive parity states with
JPC = 0++, 1++, 1+−, 2++ were lighter than the negative parity states.
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In Refs. [512, 513], the ccc¯c¯ and bbb¯b¯ tetraquark states with JPC = 0++, 1+−, 1−−, 2++ were also
studied in the Borel sum rule method. The extracted masses for these tetraquarks were slightly different
with those obtained in Ref. [510].
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Figure 10: The tetraquark mass spectra for the ccc¯c¯ and bbb¯b¯ systems, taken from Ref. [510]. The
green and red solid (dashed) lines indicate the two-charmonium (bottomonium) thresholds ηc(1S)ηc(1S)
(ηb(1S)ηb(1S)) and J/ψJ/ψ (Υ(1S)Υ(1S)), respectively.
6.4 QQq¯q¯ and QQQ¯q¯
The triply heavy tetraquark states QQQ¯q¯ with JP = 0+ and 1+ were also studied in Ref. [514],
including the explicitly exotic states ccb¯q¯ and the hidden exotic states ccc¯q¯, bbb¯q¯, cbb¯q¯. The masses
are lower than those estimated with the CMI model [107]. Especially, the bbb¯q¯ states were predicted
to lie below the bottomonium plus B(∗) thresholds and their OZI(Okubo-Zweig-Iizuka)-allowed strong
decays are kinematically forbidden. These tetraquarks were expected to be very narrow and the authors
suggested to search for them in the final states with a B meson plus a light meson or photon processes.
More studies are needed to understand such triple-heavy tetraquark states.
In Ref. [515], the mass spectra for the doubly charmed/bottom QQq¯q¯, QQq¯s¯, QQs¯s¯ tetraquark
states with quantum numbers JP = 0−, 0+, 1− and 1+ have been calculated. Their numerical results
indicated that the masses of the doubly bottom tetraquarks bbq¯q¯, bbq¯s¯, bbs¯s¯ were below the correspond-
ing thresholds of the two-bottom mesons, two-bottom baryons, and one doubly bottom baryon plus
one anti-nucleon. These doubly bottom tetraquarks are thus predicted to be stable against the strong
decays. These results were consistent with the earlier study in Ref. [516]. Further in Ref. [517], the
open-flavor scalar and axial-vector bcq¯q¯ and bcs¯s¯ tetraquark states were also studied and their masses
were below the D(∗)B¯(∗) and D(∗)s B¯
(∗)
s thresholds respectively, suggesting dominantly weak decay mech-
anisms.
Later, the doubly heavy tetraquark states have attracted lots of attention [518, 519, 520, 521],
motivated by the discovery of doubly charmed baryon Ξ++cc . In Ref. [519], the authors calculated
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both the masses and two-body strong decay width for the ccs¯s¯ and ccd¯s¯ tetraquarks with JP = 0−.
They obtained mT = (4390 ± 150) MeV and Γ = (302 ± 113) MeV for the ccs¯s¯ tetraquark, while
m˜T = (4265 ± 140) MeV and Γ˜ = (171 ± 52) MeV for the ccd¯s¯ tetraquark. Since the masses of
the doubly bottomed tetraquark were predicted below the two-meson thresholds, the weak decays of
the axial-vector T−
bbu¯d¯
state to the scalar state Z0
bcu¯d¯
were investigated using the three-point sum rule
approach [520]. They recalculated the spectroscopic parameters of the T−
bbu¯d¯
and Z0
bcu¯d¯
states in the
framework of two-point QCD sum rules. The semileptonic decay channels T−
bbu¯d¯
→ Z0
bcu¯d¯
lν¯l(l = e, ν, τ)
were then investigated with the width and lifetime Γ = (7.17 ± 1.23) × 10−8 MeV and τ = 9.18+1.90−1.34
fs. Later in Ref. [521], they also studied the semileptonic decays of the scalar tetraquark Z0
bcu¯d¯
to
final states T−
bsu¯d¯
e+νe and T
−
bsu¯d¯
µ+νµ. After reanalysing the spectroscopic parameters of T
−
bsu¯d¯
, they
used the three-point sum rules to evaluate the weak form factors and extrapolated them to the whole
momentum region. The total semileptonic decay width and lifetime of the scalar tetraquark Z0
bcu¯d¯
were
finally obtained as Γ = (2.37± 0.36)× 10−11 MeV and τ = 27.8+4.9−3.7 ps.
6.5 QQ¯qqq
Since the discovery of the Pc(4380) and Pc(4450) by LHCb in 2015 [185], there have been lots of
theoretical studies using various methods, and the QCD sum rule approach is one of the most popular
one.
In Ref. [207], we applied the method of QCD sum rules and studied the Pc(4380) and Pc(4450) as
exotic hidden-charm pentaquarks composed of an anti-charmed meson and a charmed baryon. Our re-
sults suggest that the Pc(4380) and Pc(4450) have quantum numbers J
P = 3/2− and 5/2+, respectively.
We also predicted the masses of their hidden-bottom partners to be 11.55+0.23−0.14 GeV and 11.66
+0.28
−0.27 GeV.
This study was later expanded in Refs. [468, 469], where we found two mixing currents, and again our
results suggest that they can be identified as hidden-charm pentaquark states having JP = 3/2− and
5/2+, while there still exist other possible spin-parity assignments, such as JP = 3/2+ and 5/2−, which
still needs to be clarified in further theoretical and experimental studies.
Especially, in Ref. [468] we systematically constructed all the possible local hidden-charm pentaquark
currents with spin J = 1
2
/3
2
/5
2
and quark contents uudcc¯, through which we found that the internal
structure of hidden-charm pentaquark states is quite complicated. We derived some mass predictions,
and we summarized in Table 5 all the mass predictions that are extracted from single currents and less
than 4.5 GeV. The coincidence of these mass predictions with the masses of Pc(4312), Pc(4440), and
Pc(4457) measured in the recent LHCb experiment [68] drives us to the “molecular” picture [379] that
the Pc(4312) can be well explained as the [Σ
++
c D¯
−] bound state with JP = 1/2−; the Pc(4440) and
Pc(4457) can be explained as the [Σ
∗++
c D¯
−] and [Σ+c D¯
∗0] bound states with JP = 3/2−, respectively,
while one of them may also be explained as the [Σ+c D¯
0] bound state with JP = 1/2− or the [Σ∗+c D¯
∗0]
bound state with JP = 5/2−; there is still a place for the Pc(4380), i.e., to be explained as the [Σ++c D¯
∗−]
bound state with JP = 3/2−. The [ΣcD¯∗] bound state with JP = 1/2− was not investigated in Ref. [468].
See Ref. [379] for detailed discussions of these possible interpretations.
In Ref. [522], Azizi et al performed QCD sum rules analyses on the hidden-charm pentaquark states
with JP = 3/2± and 5/2±. They adopted a molecular picture for JP = 3/2± states and a mixed
current in a molecular form for 5/2±, and their analyses suggested that the Pc(4380) and Pc(4450)
can be considered as hidden-charm pentaquark states with JP = 3/2− and 5/2+, respectively. Later
in Ref. [523], they applied the same method to study the hidden-bottom pentaquark states with spin
J = 3/2 and 5/2, and predicted their masses. The strong decays and electromagnetic multipole moments
of the P+c (4380) were later studied in Refs. [524, 525, 526].
In Ref. [527], Wang constructed the diquark-diquark-antiquark type interpolating currents, and his
QCD sum rule studies also supported to assign the Pc(4380) and Pc(4450) as J
P = 3/2− and 5/2+
pentaquark states, respectively. This study was later expanded in Refs. [528, 529, 530].
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Table 5: Mass predictions for the hidden-charm pentaquark states with spin J = 1
2
/3
2
/5
2
and quark
contents uudcc¯ [468]. They are extracted using hidden-charm pentaquark currents composed of color-
singlet charmed baryon fields and anti-charmed meson fields, i.e., [abcuadbcc][c¯dud] or [
abcuaubcc][c¯ddd],
where the subscripts a, b, c, d are color indices. We summarize here all the mass predictions that are
extracted from single currents and less than 4.5 GeV.
Current Structure s0 [GeV
2] Borel Mass [GeV2] Mass [GeV] (J , P )
ξ14 [Σ
+
c D¯
0] 20− 24 4.12− 4.52 4.45+0.17−0.13 (1/2,−)
ψ2 [Σ
++
c D¯
−] 19− 23 3.95− 4.47 4.33+0.17−0.13 (1/2,−)
ξ33µ [Σ
+
c D¯
∗0] 20− 24 3.97− 4.41 4.46+0.18−0.13 (3/2,−)
ψ2µ [Σ
∗++
c D¯
−] 20− 24 3.88− 4.41 4.45+0.16−0.13 (3/2,−)
ψ9µ [Σ
++
c D¯
∗−] 19− 23 3.94− 4.27 4.37+0.18−0.13 (3/2,−)
ξ13µν [Σ
∗+
c D¯
∗0] 20− 24 3.51− 4.00 4.50+0.18−0.12 (5/2,−)
7 Three-body system
There are various two-body interpretations of the exotic hadrons, as we have reviewed in previous
sections. There are also some three-body interpretations for exotic hadrons. For example, combining
the Faddeev equations with the chiral unitary model [531, 532], the authors interpreted the Y (2175) as
a dynamically generated state in the φKK¯ system. In this section, we review some of these studies.
We note that the three-body system have also been extensively studied within the chiral effective field
theory [533, 534, 535, 536, 537] and by using Lattice QCD [538, 539, 540, 541, 542, 543, 544, 545, 546,
547, 548, 549, 550, 551, 552, 540, 553, 554] in recent years, but we shall not review them in the present
paper, and just recommend interested readers to the above references for detailed discussions.
7.1 A short introduction to Faddeev equations
When studying a three-body system, usually one does not consider the “direct” three-body interac-
tions, as shown in Fig. 11. Instead, one needs to consider all the possible two-body exchanges/interactions
in a system of three particles. One can use the Faddeev equations, named after their inventor Ludvig
Faddeev [555]. We refer to Ref. [556] for detailed instructions.
In a three-body system there are three different two-body subsystems. The idea of the Faddeev
equations is to sum up all the pair forces in each two-body subsystem to infinite order among all three
particles. First we write the Schro¨dinger equation for a three-body system as(
H0 +
3∑
i=1
Vi
)
Ψ = EΨ , (62)
where H0 is the kinetic energy of the relative motion for three particles; V1 = V23, V2 = V31, and V3 = V12
are the three interactions in the two-body subsystems. Then we transfer Eq. (62) into its integral form:
Ψ =
1
E −H0
3∑
i=1
ViΨ ≡ G0
∑
i
ViΨ , (63)
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Figure 11: “Direct” three-body interactions.
Figure 12: Diagrammatic representation of Eq. (64), where all the pair forces in each two-body subsys-
tem have been summed up iteratedly to infinite order.
and further iterate it many times to be:
Ψ = G0
∑
i
Vi G0
∑
j
Vj G0
∑
k
Vk · · · Ψ . (64)
This can be shown graphically in Fig. 12, where all the pair forces in each two-body subsystem have
been summed up iteratedly to infinite order.
To solve Eq. (64), we decompose Ψ into three Faddeev components:
Ψ =
∑
i
ψi =
∑
i
G0ViΨ , (65)
where ψi = G0ViΨ is that part of Ψ having Vi as the last interaction to the left. As an example, we
show ψ1 graphically in Fig. 13.
We can further iterate ψi to be:
ψi = G0ViΨ = G0Vi
∑
j
ψj = G0Viψi +G0Vi
∑
j 6=i
ψj , (66)
so that
ψi = (1−G0Vi)−1G0Vi
∑
j 6=i
ψj . (67)
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Figure 13: Diagrammatic representation of the Faddeev component ψ1.
The kernel can be simplified to be
(1−G0Vi)−1G0Vi = (1 +G0Vi +G0ViG0Vi + · · · )G0Vi (68)
= G0(Vi + ViG0Vi + ViG0ViG0Vi + · · · )
≡ G0ti ,
where ti = (1− ViG0)−1Vi sums up Vi to infinite order.
Finally, we arrive at three coupled equations
ψi = G0ti
∑
j 6=i
ψj , (69)
which are called as the Faddeev equations. For identical particles, these equations can be simplified.
Again, we refer Refs. [555, 556] for detailed discussions.
7.2 Applications of Faddeev equations to exotic hadrons
The Faddeev equations have been widely applied to study the quantum-mechanical three-body
problem, such as three-nucleon bound states (NNN [557], ΞNN [558] and ΩNN [559]) and K¯NN
quasi-bound state [560] in nuclear physics. Here we review its applications to exotic hadrons in hadron
physics.
In Refs. [531, 532] the authors developed a method to study the meson-meson-baryon system by
solving the Faddeev equations together with the chiral unitary model. Here we briefly review its
application to the Y (2175) [532]. There the Y (2175) was interpreted as a φf0(980) resonant state, with
the f0(980) dynamically generated in the KK¯ channel. Hence, to study the Y (2175), the authors solved
the Faddeev equations in the three-body φKK¯ system.
The full three-body scattering matrix is
T = T 1 + T 2 + T 3 , (70)
where T i is the Faddeev partition. Note that Ψ and ψi are used in the previous subsection. They
further write T i as
T i = tiδ3(~k′i − ~ki) + T ijR + T ikR , i 6= j 6= k = 1, 2, 3 , (71)
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Figure 14: Diagrammatic representations of the terms (a) t1g12t2 and (b) T 12R .
where ti is the two-body scattering matrix where the particle i is a spectator; the term tiδ3(~k′i − ~ki)
corresponds to a “disconnected” diagram and should be removed; T ijR sums up all the diagrams with
the last two t matrices being tj and ti:
T ijR = t
igijtj + tigijtjgjktk + tigijtjgjiti + · · · (72)
→ tigijtj + ti
[
GijiT jiR +G
ijkT jkR
]
, i 6= j 6= k = 1, 2, 3 .
In the above expression gij is the three-body propagator:
gij =
(
D∏
r=1
1
2Er
)
1√
s− Ei(~ki)− Ej(~kj)− Ek(~ki + ~kj) + i
. (73)
All the terms tigijtjgjktk are written as ti Gijk
(
tjgjktk
) ∣∣∣
on−shell
:
Gijk =
∫
d3k
′′
(2pi)3
Nl
2El
Nm
2Em
F ijk(
√
s,~k
′′
)
√
slm − El(~k′′)− Em(~k′′) + i
, i 6= j, j 6= k, i 6= l 6= m, (74)
where
F ijk = tj(
√
sint(~k
′′
))
(
gjkoff−shell
gjkon−shell
)
[tj(
√
sint(~k
′
j))]
−1 . (75)
The detailed explanations of the above equations can be found in Refs. [531, 532]. As examples, we
show t1g12t2 and T 12R graphically in Fig. 14.
The two-body scattering matrices ti for the interactions of pseudoscalar and pseudoscalar mesons
can be found in Ref. [561], while those for the interactions of pseudoscalar and vector mesons can be
found in Ref. [562]. Using them as inputs, the authors solved the Faddeev equations, Eqs. (73), in the
chiral unitary approach. They found a clear sharp peak of |TR|2 ≡ |T 12R + T 13R + T 21R + T 23R + T 31R + T 32R |2
around 2150 MeV with a narrow width about tens of MeV, as shown in Fig. 15. This structure can
be associated to the Y (2175), so their results indicate that the Y (2175) is a dynamically generated
resonant state in the φKK¯ system. We refer to Ref. [532] for more discussions, where the coupled φpipi
channel has also been taken into account.
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Figure 15: The φKK¯ squared amplitude |TR|2 ≡ |T 12R + T 13R + T 21R + T 23R + T 31R + T 32R |2. The pole at√
s ∼ 2150 MeV is associated to the Y (2175), and the pole at √s23 ∼ 970 MeV is associated to the
f0(980). Taken from Ref. [532].
The above method has been systematically applied to study the meson-meson-baryon (two pseu-
doscalar mesons and one octet baryon) system, and many dynamically generated resonant states are
proposed. For examples, the N∗(1710) is interpreted as a dynamically generated resonance in the pipiN
system with I = 1/2 and JP = 1/2+ [563]. The three mesons system has also been systematically
studied within the same approach in Refs. [564, 565]. For examples, the Y (4260) is interpreted as a
dynamically generated resonance in the J/ψKK¯ system [564]; an exotic state with mass around 4140
MeV and I = 1/2 was predicted in the DDK system [565].
A similar approach was applied to study the K¯Npi system by solving the Faddeev equations with
relativistic kinematics in Ref. [566], and a K¯Npi resonance with I = 1 and JP = 3/2− was predicted to
be around 1570±10 MeV. The P -wave three-body B∗B∗K¯ system is investigated in Ref. [567], and the
results suggest that there exist P -wave B∗B∗K¯ bound states with quantum numbers JP = 0+/1+/2+,
all of which locate at 30-40 MeV below the B∗Bs1 threshold. The B(∗)B∗B∗ systems are investigated
in Ref. [568], and a unique bound state of three B mesons with I = 1/2 and JP = 2− was predicted to
be around 90 MeV below the threshold of three B-mesons.
7.3 Fixed center approximation
The Faddeev equations are sometimes not easy to be solved, so the fixed center approximation
was proposed to deal with them [569, 570, 571, 572]. In Ref. [573] this approach within the chiral
unitary model was applied to study the f2(1270), ρ3(1690), f4(2050), ρ5(2350) and f6(2510) resonances
as multi-ρ(770) states, and later on to many other exotic structures. In this paper we briefly review its
application to the three-body Nρρ system [574].
In Ref. [574] the authors investigated the three-body Nρρ system by considering that two of the ρ
mesons are clusterized forming an strongly binding f2(1270) resonance, i.e., N -(ρρ)f2(1270). In such a
situation one can use the fixed center approximation to the Faddeev equations. We show this diagram-
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Figure 16: Diagrammatic representation of the fixed center approximation to the Faddeev equations.
a), b) and c) represent single, double, and multiple scattering contributions, respectively. Taken from
Ref. [574].
matically in Fig. 16, where the external particle N interacts successively with the other two ρ mesons
forming the f2(1270). The total scattering matrix is
T = T1 + T2 , (76)
where Ti (i = 1, 2) are the two partition functions, accounting for all the diagrams starting with the
interaction of N and the i-th ρ meson of the compound system:
T1 = t1 + t1G0T2 , (77)
T2 = t2 + t2G0T1 . (78)
Here ti is the Nρ scattering amplitude, which has been systematically investigated in Ref. [575] and the
results therein can be used here as inputs; G0 is the loop function for the particle N propagating inside
the compound system
G0(s) =
1√
2ωf2(1270)2ω
′
f2(1270)
∫
d3~q
(2pi)3
× Ff2(1270)(q)
MN
EN(~q)
1
q0 − EN(~q) + i , (79)
where the form factor Ff2(1270)(q) is
Ff2(1270)(q) =
1
N
∫
p<Λ,|~p−~q|<Λ
d3p× 1
Mf2 − 2ωρ(~p)
1
Mf2 − 2ωρ(~p− ~q)
, (80)
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Figure 17: We show the unitarized Nρρ squared amplitude |T |2 in the left panel, and the unitarized
∆ρρ squared amplitude in the right panel. In both panels the solid and dashed lines denote the cases
with and without the f2(1270) decay width, respectively. Taken from Ref. [574].
and the normalization factor N is
N =
∫
p<Λ
d3p
1
(Mf2 − 2ωρ(~p))2
. (81)
We recommend interested readers to Refs. [573, 574] for detailed explanations of the above equations,
where the wave function of the f2(1270) as well as its width are discussed.
Because there are two identical ρ mesons, one has T1 = T2, and Eqs. (76), (77) and (78) can be
simplified to be:
T = 2T1 = 2t1 + 2t1G0T1 =
2t1
1−G0t1 . (82)
The results are shown in the left panel of Fig. 17, where there is a peak at around 2227 MeV with a
width of 100 MeV. This peak does not have a standard Breit-Wigner form, so it could be due to the
cusp effect.
In Ref. [574] the authors also applied the same approach to investigate the three-body ∆ρρ system.
The results are shown in the right panel of Fig. 17, where there is a peak around 2372 MeV with an
approximate Breit-Wigner shape. This peak can be associated with the ∆(2390) of JP = 7/2+ [576].
The fixed center approximation to the Faddeev equations has been systematically applied to study
the X-multi-ρ systems [577, 578]. For examples, in Ref. [577] the K∗2(1430), K
∗
3(1780), K
∗
4(2045) and
K∗5(2380) are interpreted as molecules made of an increasing number of ρ(770) and one K
∗(892) mesons;
in Ref. [578] the D∗-multi-ρ system was investigated and several charmed resonances, D∗3, D
∗
4, D
∗
5 and
D∗6, were predicted to be around 2800-2850 MeV, 3075-3200 MeV, 3360-3375 MeV and 3775 MeV,
respectively. The above method has also been applied to study the NKK¯ system [579], the ηKK¯
system [580], the DKK¯ system [581], the K¯NN system [582], the BDD¯ system [583], and the KDD¯∗
system [584], etc.
8 The Skyrme model and the chiral quark-soliton model
The Skyrme model was proposed by T. H. R. Skyrme in 1961 by introducing the Skyrme term to
the nonlinear sigma model [585]. Within this model the baryons appear as collective excitations of
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the meson fields. In fact, the non-trivial topological field configuration, which is called as soliton, is
identified with the baryon. Later in 1979, E. Witten developed this model by arguing that baryons
indeed emerge as solitons in the large NC generalization of QCD [586]. He also studied static properties
of nucleons in the Skyrme model with two light flavors [587]. The Skyrme model was widely applied in
hadron physics. Based on the Skyrme model one might qualitatively understand the EMC observation
that the quark spin contribution to the total nucleon spin was unexpectedly small [588]. This feature
is intensively studied in the Skyrme model with three light flavors in order to understand the nucleon’s
strangeness content [589].
In the large NC-limit the chiral quark-soliton model (χQSM) [590, 591, 592, 593]. is quite similar
to the Skyrme model, and sometimes they are taken as the same method/approach. In the Skyrme
model one has integrated out the quark fields, and so directly operates with the action involving the
pseudoscalar mesons without the quark fields. Actually, one can obtain the effective action of the
Skyrme type from the one of the chiral quark-soliton model by a gradient expansion.
The Skyrme model and the chiral quark-soliton model with three light flavors can be naturally
applied to study exotic baryons, which emerge as rotational excitations of nucleons [45]. In this paper
we briefly review some of these applications, separately in the following subsections. We note that there
are lots of investigations within this approach, and we refer interested readers to the lecture note by
Diakonov [594], the one by Weigel [595], and the one by Ma and Harada [596] for detailed instructions.
8.1 A short introduction to the Skyrme model
The Lagrangian of the nonlinear sigma model is
LNLσ = f
2
pi
4
Tr
(
∂µU(x)∂
µU †(x)
)
. (83)
Here fpi is the decay constant of the Nambu-Goldstone boson pi, and the field U(x) is defined as
U(x) ≡ exp
(
i
τiφi
fpi
)
= cos
(
τiφi
fpi
)
+ isin
(
τiφi
fpi
)
(84)
=
1
fpi
(σ + iτipii) =
M
fpi
,
where M ≡ σ + iτipii is the meson field, and the field variables φi are related to pii through
τipii
fpi
= sin
(
τiφi
fpi
)
. (85)
Under the chiral transformation, the field U(x) transforms as U(x) → gLU(x)g†R, so the La-
grangian (83) is chirally invariant. With the nonlinear realization of the chiral symmetry, the Hamilto-
nian density of the nonlinear sigma model can be obtained as
HNLσ = f
2
pi
4
Tr
(
∂0U
†∂0U
)
+
f 2pi
4
Tr
(
∂iU(x)∂iU
†(x)
)
, (86)
and its energy can be expressed as
ENLσ =
f 2pi
4
∫
d3xTr
(
∂0U
†∂0U
)
+
f 2pi
4
∫
d3xTr
(
∂iU(x)∂iU
†(x)
)
(87)
≡ ErotationNLσ + EstaticNLσ .
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Here the first term ErotationNLσ is the rotational energy, and the second term E
static
NLσ is the static energy.
The static energy EstaticNLσ is not stable: under the rescaling of the space coordinates U(x)→ U(λx), one
has EstaticNLσ → EstaticNLσ /λ.
To avoid the above stability problem of the static energy, Skyrme introduced the so-called Skyrme
term, and extended the nonlinear sigma model Lagrangian into the Skyrme model:
LSkyrme = f
2
pi
4
Tr
(
∂µU∂
µU †
)
+
1
32e2
Tr
{[
U †∂µU,U †∂νU
] [
U †∂µU,U †∂νU
]}
, (88)
where e is a dimensionless parameter, indicating the magnitude of the soliton. Its energy can be obtained
as
ESkyrme = −
∫
d3xTr
[
f 2pi
4
L0L0 +
1
16e2
[L0, Li]
2
]
−
∫
d3xTr
[
f 2pi
4
LiLi +
1
32e2
[Li, Lj]
2
]
(89)
≡ ErotationSkyrme + EstaticSkyrme .
One can solve the following extremum stable condition
dEstaticSkyrme(λ)
dλ
∣∣∣∣∣
λ=1
= 0 , (90)
and the obtained stabilized solutions are called as Skyrme solitons or skyrmions.
Based on Eq. (88), the Witten-Wess-Zumino term was added at the level of the action to reproduce
QCD’s low energy anomalous structure [586, 597, 598]:
ΓWZSkyrme = −
iNc
240pi2
∫
d5xµνρστTr [LµLνLρLσLτ ] , (91)
where Nc = 3 is the number of colors. Sometimes the symmetry breaking terms are also necessary:
LSBSkyrme =
f 2pim
2
pi + 2f
2
Km
2
K
12
Tr
[
U + U † − 2]+√3× f 2pim2pi − f 2Km2K
6
Tr
[
λ8(U + U
†)
]
(92)
+
f 2K − f 2pi
12
Tr
[
(1−
√
3λ8)(U(∂µU)
†∂µU + U †∂µU(∂µU)†)
]
.
The Skyrme model can be used to derive a series of states [599, 600, 601, 602]. In the three-flavor
case, the lowest states are the (8, 1/2) and (10, 3/2), which can be used to describe the ground-state
octet baryons of JP = 1/2+ and decuplet baryons of JP = 3/2+. The remaining states are all exotic
baryons, and the states at the next level are the (10, 1/2), (27, 1/2) and (27, 3/2).
In the chiral symmetry limit one can write the effective Hamiltonian as:
HSkyrme = Mcl + 1
2I1
J(J + 1) +
1
2I2
(
C2(R)− J(J + 1)− N
2
c
12
)
+H′Skyrme , (93)
where J denotes the baryon spin, C2(R) denotes the Casimir operator for the SU(3) representation R,
and the other three parameters Mcl and I1,2 are treated as free parameters. In the Skyrme model the
symmetry breaking Hamiltonian is
H′Skyrme = −αD(8)88 (A) , (94)
which leads to both the first order correction to the baryon mass
M
(1)
B(R) = −αδRB(R) , (95)
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Figure 18: Masses of the ordinary baryons together with the mass of the Θ+, as functions of the
parameter α. Taken from Ref. [604].
and the second order correction
M
(2)
B(R) = −2I2α2
∑
R′ 6=R
(δR
′
B(R))
2
C2(R′)− C2(R) , (96)
We refer interested readers to Refs. [603, 604] for detailed discussions on the above equations. Especially,
the mass of the uudds¯ pentaquark belonging to (10, 1/2) was predicted to be [603, 604]
MΘ+ = M8 +
3
2
α2

− 2
8
α− 3
112
 ≈ 1530 MeV . (97)
However, this mass value is quite sensitive to the choice of parameters. For example, the authors
of Ref. [604] plot in Fig. 18 the results of the constrained fits, and one can find a rather steep rise
of MΘ+ with α. The above mass value 1530 MeV is very close to the mass of the Θ
+ observed by
LEPS [46], whose observation quickly led to renewed interest in the Skyrme model descriptions of
baryons. Unfortunately, the Θ+ was not confirmed in a series of high precise particle experiments [48].
The Skyrme model has many advantages in describing hadron physics, and we refer to Refs. [605,
595, 596] for detailed discussions. Especially, the Skyrme model can be applied to study both baryon
and meson physics in free space [587], while it can also be applied to study nuclear matter and the
medium modified hadron properties [606, 607, 608]. In recent years, the Skyrme model is extended
so that a) the effects of the higher resonances and higher chiral order terms can be self-consistently
analysed [609, 610, 611, 612], and b) properties of heavy baryons containing a heavy quark can be
systematically investigated [613, 614, 615, 616, 617].
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8.2 A short introduction to the chiral quark-soliton model
In the previous subsection we have briefly introduced the Skyrme model. In this subsection we shall
briefly introduce the chiral quark-soliton model [618, 619]. Both of them have similar group structure,
and can be applied to study the Θ+ pentaquark belonging to the exotic (10, 1/2) flavor representation.
In fact, the prediction of the narrow width of the Θ+ in the chiral quark-soliton model [45] stimulated
the experimental search by LEPS [46]. We refer to Refs. [594, 620] for detailed discussions.
According to the chiral symmetry, the interaction of pseudoscalar mesons with constituent quarks
can be written as:
Leff = q¯
[
i∂µγµ −Mexp(iγ5piAλA/Fpi)
]
q , (98)
where the piA fields are the ordinary pseudoscalar mesons pi, K, and η. In the large Nc limit baryons
emerge as solitons of this chiral action [586]. The model of baryons based on the large Nc limit is called
the chiral quark-soliton model [620].
Actually, we can also use the word “soliton” for the self-consistent pion mean field in the nucleon.
Because these Hartree-Fock states composed of valence- and sea-quarks are degenerate with respect to
rotations in both space and flavor-space, we can use the following collective Hamiltonian to describe
them in the rigid rotor approximation [621, 622]:
HχQSM = Mcl + J(J + 1)
2I1
+
1
2I2
(
C2(R)− J(J + 1)− N
2
c
12
)
+H ′χQSM , (99)
where Mcl is the classical mean-field energy of the quark system, J is the baryon spin, and C2(R) is
the Casimir operator for the SU(3) representation R. This Hamiltonian is very similar to the one of
the Skyrme model given in Eq. (93) except a different symmetry breaking term, i.e.,
H ′χQSM = αD
(8)
88 + βY +
γ√
3
D
(8)
8i Ji , (100)
where α, β, and γ are parameters of order O(ms), D(R)ab are SU(3) Wigner rotation matrices, and Ji
are collective spin operators.
The symmetry-breaking term H ′χQSM mixes different SU(3) representations, so the collective wave
functions can be written as the following linear combinations:
|B8〉 = |81/2, B〉+ cB10|101/2, B〉+ cB27|271/2, B〉 , (101)
|B10〉 = |103/2, B〉+ aB27|273/2, B〉+ aB35|353/2, B〉 , (102)
|B10〉 = |101/2, B〉+ dB8 |81/2, B〉+ dB27|271/2, B〉+ dB35|351/2, B〉 , (103)
· · ·
where |BR〉 are the states which reduce to the SU(3) representation R when ms → 0 and the spin
index J3 is suppressed. c
B
R, a
B
R, and d
B
R are the ms-dependent coefficients. For example, we show in
Fig. 19 the weight diagrams for the lowest-lying baryon multiplets, which contains the baryons with the
hypercharge Y ′ = 1.
Assuming the state N∗(1710) to be a member of the (10, 1/2) flavor representation, Diakonov,
Petrov and Polyakov investigated an exotic Z+ baryon with spin 1/2, isospin 0 and strangeness +1,
and predicted its mass to be about 1530 MeV and its total width to be less than 15 MeV [45]. Now this
state was known as the Θ+, which was first observed by LEPS [46]. However, we note that this small
width actually resulted from an arithmetic error, as explained by Jaffe in Ref. [624], and correcting this
error gives a width twice as large at least. See Ref. [589] for detailed discussions.
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Figure 19: Weight diagrams for the lowest-lying baryon multiplets, including the flavor representations
8, 10, 10, and 27. Taken from Ref. [623].
Later in Refs. [625, 626] the masses of the lowest-lying baryons were calculated by including the
effects of isospin symmetry breaking arising from both the quark masses and electromagnetic self-
energies. The authors used the following collective Hamiltonian in the SU(3) chiral soliton model [621,
622]:
H = Mcl +Hrot +HSB , (104)
where Hrot is the 1/Nc rotational energy, and HSB are the symmetry-breaking terms including both
isospin and SU(3) flavor symmetry breaking effects:
Hrot = 1
2I1
3∑
i=1
J2i +
1
2I2
7∑
p=4
J2p , (105)
HSB = (md −mu)
(√
3
2
αD
(8)
38 (R) + βT3 +
γ
2
3∑
i=1
D
(8)
3i (R)Ji
)
(106)
+(ms − mu +md
2
)
(
αD
(8)
88 (R) + βY +
γ√
3
3∑
i=1
D
(8)
8i (R)Ji
)
+(mu +md +ms)σ .
We refer interested readers to Refs. [625, 626] for detailed discussions on the above equations.
The baryon mass splittings due to the isospin and SU(3) flavor symmetry breaking up to the first
order were investigated in Ref. [625], and those due to the second order flavor symmetry breaking
were investigated in Ref. [626]. The authors estimated the mass of the N∗ as a member of the baryon
antidecuplet to be 1687 MeV, which can be used to explain the N∗(1685), a narrow bump-like structure
observed by GRAAL in the γn→ ηn quasi-free cross section in 2006 [627]. The authors also estimated
the pion-nucleon sigma term to be σpiN = (50.5± 5.4) MeV.
In 2015, another narrow resonant structure was observed by the GRAAL Collaboration in real
Compton scattering off the proton. Its mass and width were determined to be M = 1.726 ± 0.002 ±
0.005 GeV and Γ = 21 ± 7 MeV, respectively. In the chiral quark-soliton model, this structure can
be identified as a member of the eikosiheptaplet (27) with spin 3/2 [628]. Later in Ref. [623] the
authors investigated the strong and radiative decay widths of the narrow nucleon resonances N∗(1685)
and N∗(1726) together within the SU(3) chiral quark-soliton model [623]. Especially, they found
Γp∗(1726)→pγ/Γn∗(1726)→nγ = 3.76± 0.64, indicating that the production of N∗(1726) is more likely to be
observed in the proton channel.
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9 Progresses from Lattice QCD
Lattice QCD is the unique non-perturbative theoretical framework to study the hadron spectroscopy
starting from the first principle QCD Lagrangian. In a lattice QCD simulation, the hadron mass En
can be extracted from the N ×N time-dependence correlation function
Cij(t) = 〈Ω|Oi(t)O†j(0)|Ω〉
=
N∑
n=1
e−Ent〈Ω|Oi|n〉〈n|O†j(0)|Ω〉 , (107)
where the interpolating operator O†j(0)(j = 1, 2, · · · , N) creates the state of interest from the vacuum
|Ω〉 at time t = 0 and Oi(t) annihilates the state at a later Euclidean time t. En is the eigenvalue
of the Hamiltonian for the system. These creation and annihilation operators should have the same
JPC quantum numbers, which are called interpolators. In principle they can couple to all physical
eigenstates |n〉 with the same given quantum numbers but different magnitudes of overlaps
〈n|O†i |Ω〉 ≡ Zni . (108)
In lattice QCD, the correlation functions are usually evaluated by using a large basis of interpolators
constructing of quark and gluon fields, the Dirac gamma matrices and the gauge-covariant derivative
operator. To search for the tetraquark and pentaquark signatures, the two-particle interpolators are
usually adopted to deduce the two-point correlation functions. If the interpolator basis is complete
enough, one can extract and identify all two-particle discrete energy levels with the given quantum
numbers from the full correlation functions. The exotic multiquark states are related to the extra energy
levels in addition to the expected non-interacting two-particle states. The two-particle energies are
obtained from the correlation function by solving the generalized eigenvalue problem (GEVP) [629, 630]:
Cij(t)v
n
j (t , t0) = λn(t , t0)Cij(t0)v
n
j (t , t0) , (109)
where vnj (t , t0) is an eigenvector and t0 a suitably chosen reference time t0 < t. The eigenvalues feature
the relevant state energies [629]
λn(t , t0) ≈ Ane−En(t−t0) + · · · . (110)
Fitting this exponential decay behavior of the time dependence for each of these quantities, the exact
discrete spectrum En can be extracted from the effective mass plateau of the eigenvalue λn [631, 632,
633, 634, 635]
Eeffn (t) = ln
λn(t)
λn(t+ 1)
. (111)
In the infinite volume, a bound state of two particles can be defined as a discrete energy eigen-
state of the Hamiltonian with energy level below the two-particle threshold within the Lu¨scher’s
method [636, 637, 629, 638, 639]. In a two-particle scattering process, the resonant character on the
lattice can be observed as the negative center of mass (c.m.) momentum q2, which corresponds to
the attractive interaction between the two particles and renders the energy level lower than the non-
interacting threshold. The Lu¨scher’s formula provides a direct relation of q2 and the elastic scattering
phase shift δ(q) in the infinite volume, e. g. in the case of the s-wave elastic scattering
q cot δ(q) =
1
pi3/2
Z00(1; q2) , (112)
68
where Z00(1; q2) is the zeta-function. In the limit of q2 → −∞, the phase shift will approximate
cot δ(q) ≈ −1 if there exists a true bound state at the particular energy in the infinite volume. Therefore,
one usually needs to study the quantities q2 and cot δ(q) to really identify a bound state in a lattice
simulation. We refer to a recent review article [640] for detailed discussion, and refer to Refs. [641, 642]
from the viewpoints of the chiral perturbation theory.
In the last decade, there are some remarkable progresses in the study of new hadron states by lattice
QCD. In this section, we try to introduce these investigations, such as the studies on the Y (4260),
X(3872), the charged Zc states, the doubly heavy tetraquark states and the hidden-charm pentaquark
states.
9.1 Y (4260)
The underlying structure of the Y (4260) meson was studied by TWQCD Collaboration [643]. They
calculated the mass spectra of the hidden-charm hybrid mesons (c¯gc), molecules and diquark-antidiquark
tetraquarks with JPC = 1−−, in quenched lattice QCD with exact chiral symmetry. The authors
computed the time correlation functions for all operators in the above various schemes and detected
all these exotic resonances. However, the lowest-lying hybrid charmonium lies about 250 MeV above
the mass of Y (4260). In contrast, the 1−− hidden-charm molecule (u¯cc¯u) and tetraquark (ucu¯c¯) states
were detected with masses 4238(31)(57) MeV and 4267(68)(83) MeV respectively, which are in good
agreement with the mass of Y (4260). Finally, the authors suggested the Y (4260) to be a D1D¯ molecule
since it has a better overlap with the molecular operator than any other ones. Besides, they also
detected resonances of molecular and tetraquark states with quark contents csc¯s¯ around 4450 ± 100
MeV, and with quark contents ccc¯c¯ around 6400± 50 MeV.
Before the observation of Y (4260), the mass spectrum of the charmonium hybrids were predicted
by the UKQCD quenched lattice NRQCD [644, 645, 646] and anisotropic lattice simulations [647]. In
Ref. [648], the Hadron Spectrum Collaboration performed dynamical lattice QCD calculations to study
the mass spectra of highly excited charmonium and charmonium hybrid mesons. To provide a large basis
of operators with a range of spatial structures in each channel, the authors used the derivative-based
construction for operators of the general form ψ¯Γ
↔
Di
↔
Dj · · ·ψ to calculate the two-point correlation
functions. Their computations were presented for up and down quarks corresponding to a pion mass of
400 MeV at a single lattice spacing. They calculated the dynamical spectrum of charmonium hybrids
with exhaustive quantum numbers including the exotic ones (0+−, 1−+, 2+−) up to 4.5 GeV. Their
results identified the scheme that the hybrid meson can be interpreted as a colour-octet quark-antiquark
pair coupled to a J
PgCg
g = 1+− chromomagnetic gluonic excitation. In this scheme, the lightest hybrid
supermultiplet consists of negative-parity states JPC = (0, 1, 2)−+, 1−−, in which the colour-octet quark-
antiquark pair is in S-wave. Such a pattern suggested that the lightest gluonic excitation has an energy
scale of 1.2-1.3 GeV, compared with the conventional charmonium bound states. The first excited
hybrid supermultiplet composed of a P-wave colour-octet quark-antiquark pair coupled to an excited
gluonic field would contain positive-parity states with JPC = 0+−, (1+−)3, (2+−)2, 3+−, (0, 1, 2)++. The
vector hybrid charmonium with JPC = 1−− was extracted at M −Mηc ≈ 1.3 GeV, which agrees well
with the mass of Y (4260) and supports the hybrid interpretation of this state. The charmonium hybrid
interpretation for Y (4260) was also performed in Ref. [649], in which the authors calculated the masses
of the ground and first excited states for the c¯gc hybrid mesons with JPC = 0−+, 1−− and 1++. They
finally concluded that the Y (4260) meson can not be identified as the ground state of the 1−− hybrid,
but most probably the first excited state of the 1−− hybrid charmonium state. However, the QCD
sum rule calculation gave much lower mass prediction for the vector hybrid charmonium, which was
around 3.4 GeV [650]. The heavy quarkonium hybrid states with various flavor structures and quantum
numbers have been extensively studied in Refs. [650, 651, 495].
Since the lattice investigations are always performed with unphysical-heavy light quarks, it is sig-
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nificant to explore the changes in the pattern of states with light-quark masses closer to their physical
values [652]. For the charmonium systems, the light-quark mass dependence enters through the sea
quark content in the dynamical gauge field ensembles. In the case of the open-charm charmed mesons,
the existence of a valence light quark affects the spectrum directly. To investigate the light quark
dependence effect on lattice QCD simulation, the Hadron Spectrum Collaboration presented spectra
of the excited charmonium, open-charm D and Ds mesons from dynamical lattice QCD calculations
with a pion mass mpi ∼ 240 MeV in Ref. [653]. The charmonium spectra labelled by JPC were shown
in Fig. 20 together with their previous results with mpi ∼ 400 MeV in Ref. [648]. The masses of the
low-lying states are generally consistent between these two ensembles within statistical uncertainties.
Only the hyperfine splitting MJ/ψ − Mηc has a small but statistically significant increase when the
pion mass decreased. For the higher states in the spectrum, the masses are generally larger with the
mpi ∼ 240 MeV ensemble. Especially for the hybrids, there is a small but significant increase in their
masses as the pion mass is reduced, which will increase the mass splitting between the hybrids and
low-lying conventional charmonium states. However, the statistical uncertainties at higher energies are
larger. The unstable nature of these states above threshold may be important [654, 655, 656]. The
authors thus concluded that the hybrid mesons appear to show a mild increase in mass as the light
quark mass is decreased, but the pattern of states and supermultiplet structure are unchanged.
Figure 20: The lattice calculations of charmonium spectra with mpi ∼ 240 MeV from Ref. [653], com-
paring to the spectra with mpi ∼ 400 MeV in Ref. [648]. The green boxes are normal cc¯ charmonium
states, while red and dark blue boxes are c¯gc charmonium hybrid candidates of the lightest and first-
excited supermultiplet respectively. The dashed lines indicate the corresponding non-interacting hadron
thresholds.
In Ref. [657], Chen et al. investigated the existence of the exotic vector charmonia by constructing
the interpolating operators O
(H)
i (x, t; r) =
(
c¯aγ5c
b
)
(x, t)Babi (x+ r, t), where i is the spatial index and
Babi (x) =
1
2
ijkF
ab
jk the chromomagnetic field tensor. Compared to the usual hybrid operator, this is a
new type of the hybrid-like operator that the charm quark-antiquark pair component c¯aγ5c
b and the
gluon field Babi are split into two parts by an explicit spatial displacement r. Such a configuration can
resemble the center-of-mass motion of the c¯c recoiling against an additional degree of freedom, and thus
is expected to suppress the coupling to the conventional charmonia. They accordingly calculated the
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two-point correlation functions CH(r, t) by using these operators. To eliminate the contribution from
the conventional charmonium states, they combined linearly the correlation functions at two specific
different r as C(ω, t) = CH(r1, t) − ωCH(r2, t), where ω is a tunable parameter. For the numerical
analyses, they used the tadpole-improved gauge action [658, 659, 660] to generate gauge configurations
on anisotropic lattices. Two lattices L3 × T = 83 × 96(β = 2.4) and 123 × 144(β = 2.8) with different
lattice spacings were used to check the discretization artifacts. After fitting the effective mass plateaus
as shown in Fig. 21, they observed a vector charmonium-like state X with a mass of 4.33(2) GeV with
exotic nature. In addition, they calculated the leptonic decay constant of this exotic state to be fX < 40
MeV, which accordingly led to a very small leptonic decay width Γ(X → e+e−) < 40 eV. The mass and
leptonic decay width of this signal are consistent with the production and decay properties of Y (4260).
 3
 3.5
 4
 4.5
 5
 5.5
 6
 6.5
 0  0.2  0.4  0.6  0.8  1
M
(1 h
-
-
)(G
eV
)
t (fm)
L=08
L=12
M=4.328(23)
Figure 21: The effective mass plateaus of C(ω, t) for β = 2.4 (red points) and β = 2.8 (blue points),
taken from Ref. [657]
9.2 X(3872)
The TWQCD Collaboration also studied the X(3872) state as a hidden-charm four-quark qcq¯c¯ meson
with JPC = 1++ in quenched lattice QCD with exact chiral symmetry [661]. They used both molecular
operator (q¯γic)(c¯γ5q)− (c¯γiq)(q¯γ5c) and tetraquark operator (qTCγic)(q¯Cγ5c¯T )− (q¯TCγic¯)(qCγ5cT ) to
compute the time-correlation functions for two lattice volumes 243 × 48 and 203 × 40. For both the
molecular and tetraquark operators, they detected a resonance with mass around 3890±30 MeV in the
limitmq → mu, which is identified asX(3872). Their results showed thatX(3872) has good overlap with
the molecular operator as well as the tetraquark operator in the quenched approximation. Comparing
with their previous study for Y (4260), they concluded that X(3872) may be more tightly bound than
Y (4260), which had better overlap with the molecular operator than any tetraquark ones [643]. Since
only one energy level was extracted near the DD¯∗ threshold, the result could not support or disfavor
the existence of X(3872). Letting mq → ms, they predicted a heavier 1++ csc¯s¯ exotic meson around
4100± 50 MeV. By using the same method and interpolating currents as above, they investigated the
mass spectrum of the (csc¯q¯)/(cqc¯s¯) tetraquark states with JP = 1+. They also detected an axial-vector
(csc¯q¯)/(cqc¯s¯) resonance around 4010±50 MeV [662]. In these investigations of TWQCD Collaboration,
the authors neglected the disconnected quark loop diagrams for annihilation channels. However, these
diagrams provide the mixing effects between states created by c¯c and c¯qq¯c operators, which have been
proven to be important for the lattice studies of light scalar tetraquarks [663, 664], and the string
breaking in the static limit [665].
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As indicated above, the mass spectra of the highly excited charmonium states have been calculated
up to around 4.5 GeV in dynamical lattice QCD by the Hadron Spectrum Collaboration in Ref. [648].
The first radial excitation of the P-wave 1++ charmonium state is extracted about 110 MeV above
the mass of X(3872), where the mass of ηc is subtracted from the calculated mass in order to reduce
the systematic error from the tuning of the bare charm quark mass. However, the results presented
in Ref. [648] are for unphysically-heavy up and down quarks corresponding to mpi ≈ 400 MeV. The
dynamical lattice simulation with lighter up and down quarks mpi ≈ 240 MeV showed that only a very
small mass increase for the low-lying and even higher charmonium states [653]. Moreover, several other
lattice simulations found one excited 1++ charmonium state near the mass of X(3872) [666, 667, 668].
However, none of these simulations can unambiguously determine whether this state is X(3872) or the
scattering DD¯∗ state.
In Ref. [669], the authors calculated the charmonium spectrum including higher spin and gluonic
excitations. In particular, they studied the mixing of charmonia with states created by the hidden-
charm molecular operators by using the variational generalized eigenvalue method as well as improved
stochastic all-to-all propagator methods. Their simulations were employed with light pseudoscalar
mass down to 280 MeV and nF = 2 sea quarks. They investigated the binding between pairs of D
and anti-D mesons in the pseudoscalar, vector and axialvector sectors. Only the axialvector channel
was clearly attractive. Moreover, the mixing effects between the isoscalar radial charmonium states
and c¯qq¯c molecular states were very small for the pseudoscalar and vector channels. But for the 1++
channel, they found a significant binding mD∗D¯ − (mD∗ + mD¯) = 88(26) MeV. This binding is much
bigger than the mass difference mX(3872) − (mD∗ +mD¯).
For the molecular interpretation of X(3872), many dynamical studies supported the attractive chan-
nel of D and D¯∗ mesons. One can consult Refs. [1, 72] and references therein for these discussions. Due
to the coupled channel effects, the S-wave DD¯∗ scattering state with JPC = 1++ can easily couple to
the χ′c1(2P ) state [670, 671] and significantly lower the mass of the pure χ
′
c1(2P ) state predicted in the
GI model [33].
In lattice QCD, this picture was supported by the dynamical Nf = 2 lattice simulation in Ref. [672],
which was based on one ensemble of Clover-Wilson dynamical configurations with mpi = 266 MeV. The
authors identified the low-lying χc1(1P ) and X(3872) as well as the nearby discrete scattering levels
DD¯∗ and J/ψω for both I = 0 and I = 1 channels. They counted the number of lattice states near the
DD¯∗ threshold in order to establish the existence of the X(3872). In their simulation, they chose the
interpolating fields Oi that couple to c¯c as well as the scattering states, i.e., Oc¯c1−8, ODD∗i (i = 1, 2, 3),
OJ/ψω (for I = 0), and OJ/ψρ (for I = 1). Finally, they found a candidate for the charmoniumlike
X(3872) state 11 ± 7 MeV below the DD¯∗ with JPC = 1++ and I = 0, in addition to the nearby
DD¯∗ and J/ψω discrete scattering states, as shown in Fig. 22. They extracted large and negative DD¯∗
scattering length, aDD
∗
0 = −1.7± 0.4 fm, and the effective range, rDD∗0 = 0.5± 0.1 fm. Moreover, they
found the χc1(1P ) state but no candidate for the X(3872) in the I = 0 channel if they used only five
scattering interpolators but no Oc¯c1−8 interpolating fields. In the I = 1 channel, they did not find a
candidate for X(3872), which is consistent with the assignment of the state in PDG [35].
Later, the isoscalar JPC = 1++ charmonium state X(3872) was also investigated by the Fermilab
Lattice and MILC Collaborations on gauge field configurations with 2+1+1 flavors of highly improved
staggered sea quarks (HISQ) with clover (Fermilab interpretation) charm quarks and HISQ light valence
quarks [673]. They used a combination of the cc¯ and DD¯∗ + D¯D∗ interpolating operators. They found
an isosinglet candidate of X(3872) with an energy level 13(6) MeV below the DD¯∗ threshold, which
agrees with the result in Ref. [672].
These studies were then extended by Padmanath, Lang, and Prelovsek by utilizing a large basis of the
c¯c, two-meson and diquark-antidiquark interpolating fields (altogether 22 interpolators) [674]. The Wick
contractions were considered including both the connected contraction diagrams and the diagrams for
annihilation channels in which the light quarks do not propagate from source to sink. Their simulation
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Figure 22: The spectrum En − 14(mηc + 3mJ/ψ) in the effective mass plateau region for the JPC = 1++
channel with I = 0 and I = 1, from Ref. [672]. Different interpolator basis is chosen for each plot.
Dashed lines represent energies En.i. of the non-interacting scattering states.
was performed with Nf = 2 and mpi = 266 MeV, which aims at the possible charmonium-like J
PC = 1++
signatures for both I = 0 and I = 1 channels. They found a lattice candidate for X(3872) with I = 0
close to the experimental data only if both the c¯c and DD¯∗ interpolators are included. However, they
found no candidate if the diquark-antidiquark and DD¯∗ interpolators were used in the absence of c¯c,
which indicates that the c¯c Fock component is crucial for the X(3872) while the four-quark component
O4q alone does not produce the signal. Their simulation also implies a combined dominance of the c¯c
and DD¯∗ operators in determining the position of the energy levels, while the tetraquark O4q operators
do not significantly affect the results. Moreover, their results do not support the neutral or charged
X(3872) in the I = 1 channel. And no signature of the exotic c¯cs¯s state (candidate for the Y (4140))
with I = 0 are found below 4.2 GeV. We refer readers to Refs. [675, 676, 677, 678] for the analytic
investigations considering the quark mass dependence, the volume dependence and the effect from the
isospin breaking.
The unphysical pion mass mpi = 266 MeV on the lattice is still much larger than its physical mass
140 MeV. Within the molecular scheme, the long range one-pion-exchange force plays a dominant role
in the formation of the loosely bound molecular state [679, 680], which decays exponentially as the pion
mass increases. The present lattice simulation with the pion mass mpi = 266 MeV was obtained from
a rather small lattice volume, which has already indicated the important role of both the c¯c and DD¯∗
components in the formation of the X(3872) signal on the lattice. As the pion mass approaches the
physical value 140 MeV, one shall expect a larger DD¯∗ component within the physical X(3872) state.
9.3 The charged Zc states
The observations of the charged charmonium-like states Zc(3900) and Zc(4020) trigged lots of inves-
tigations of the molecular interpretations for their inner structures [680, 681, 682, 683]. In Ref. [684],
Prelovsek and Leskovec searched for the Zc(3900) in the J
PC = 1+− and I = 1 channel in their lattice
simulation with degenerate dynamical u/d quarks and mpi ≈ 266 MeV. They used six meson-meson
type of interpolators ODD
∗
i and O
J/ψpi
i (i = 1, 2, 3). They calculated the time-dependence of the 6 × 6
correlation matrix by considering the connected diagrams of Wick contraction. They omitted the dia-
grams involving charm annihilation, which effect was proven to be suppressed due to the OZI rule for
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the conventional charmonium [685]. They observed four energy levels which almost exactly coincide
with the energies of four non-interacting DD¯∗ and J/ψpi scattering states. They did not find any ad-
ditional energy level relating to the Zc(3900) state. They suggested to perform simulations including
meson-meson interpolators as well as some different type of interpolators, such as diquark-antidiquark
interpolators with the same quantum numbers.
Such a simulation was performed in Ref. [686] by using 18 meson-meson OM1M2 interpolating op-
erators and 4 diquark-antidiquark O4q interpolators with structure [c¯d¯]3c [cu]3¯c in the I
GJPC = 1+1+−
channel. The two-meson operators OM1M2 included interpolators such as J/ψpi, ηcρ, DD¯
∗ and D∗D¯∗.
They aimed to extract and identify all 13 two-meson energy levels from the corresponding 22 × 22
correlation functions and examine the possible additional states related to the exotic Z+c hadron. As a
result, they found all expected lowest thirteen levels, appearing near the corresponding non-interacting
energies of the two-particle states. A two-particle level will disappear from the spectrum or become
very noisy when the corresponding OM1M2 operator is absent from the correlator matrix. However, the
energy spectrum was unaffected after the O4q1−4 operators were omitted. Besides these two-particle levels,
they did not find any additional state below 4.2 GeV relating to an exotic Z+c candidate. They listed
some possible reasons for the absence of the Z+c candidate: a) the experimental resonance Z
+
c (3900)
might not be of dynamical origin since it has not been seen in the B meson decay process; b) it might
be a couple-channel threshold effect [687, 688]; c) their simulation was performed at a large unphysical
mpi ≈ 266 MeV; d) their interpolator basis may not be complete enough to render a Zc state in addition
to thirteen two-meson states; e) the S-D mixing effect may be important for creating the experimental
Zc states. In Ref. [673], the authors used the Highly Improved Staggered Quark action to search for the
Zc(3900) with a combination of the J/ψpi and DD¯
∗+ D¯D∗ channels. Again, they found no evidence for
the existence of Zc(3900). A similar analysis was performed in Ref. [689] by considering a basis of five
I = 0 D(∗)D¯∗ interpolating operators and three I = 1 DD¯∗ operators with the same JP = 1+. Their
results didn’t show any unknown energy level.
These negative results of searching for the exotic charged Zc in lattice QCD simulations were also
supported by the investigations of the resonance-like Zc structures in the low-energy scattering of the
(D(∗)D¯∗)± systems by the CLQCD Collaboration [690, 691]. In Ref. [690], Chen et al. presented an
exploratory lattice study of the low-energy scattering of the (DD¯∗)± two-meson system by using single-
channel Lu¨scher’s finite-size technique. The calculation was based on Nf = 2 twisted mass fermion
configuration of size 323 × 64 with a lattice spacing of about 0.067 fm with three pion mass values
mpi = 300 MeV, 420 MeV and 485 MeV. They constructed the S-wave two-meson operators with
IGJPC = 1+1+− to calculate the correlation functions. Since the energy being considered is very close
to the (DD¯∗)± threshold, they computed the scattering length a0 and effective range r0 to search for
the evidence of the existence of Zc(3900). They found negative values of the scattering length a0 for
all three pion masses, which indicated a weak repulsive interaction between the two mesons D and
D¯∗. They also checked the possibility of the bound state for the negative energy shifts. None of them
was consistent with the signal of a bound state. Based on their results, they concluded that their
lattice QCD simulation did not support a bound state in the IGJPC = 1+1+− channel corresponding
to Zc(3900), at least for the pion mass values being studied. Later in Ref. [691], they performed a
similar investigation for the low-energy scattering of the D∗D¯∗ two-meson system in the same channel
with IGJPC = 1+1+−. Their results gave negative values of the scattering lengths for all three pion
masses, which again indicated a weak repulsive interaction between the two vector charmed mesons,
and did not support a bound state of the two mesons in the JP = 1+ channel corresponding to the
Zc(4020)/Zc(4025) state.
The lattice QCD studies of the spectrum and the low-energy scattering parameters with the stan-
dard Lu¨scher’s method gave no candidates for the Zc(3900) and Zc(4025) in all J/ψpi, ηcρ, DD¯
∗
and D∗D¯∗ two-meson channels. These results indicated that the Zc(3900) and Zc(4025) may not
be the conventional resonance states. In Refs. [692, 693], the HAL QCD Collaboration studied the
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piJ/ψ− ρηc− D¯D∗ coupled-channel interactions from (2 + 1)-flavor full QCD simulations at three pion
masses mpi = 411 MeV, 570 MeV, 701 MeV in order to explore the structure of Zc(3900). To con-
sider the interactions among the piJ/ψ, ρηc and D¯D
∗ channels, the authors calculated the S matrix
from the equal-time Nambu-Bethe-Salpeter (NBS) wave functions by using the coupled-channel HAL
QCD method [694, 695, 696]. They extracted the s-wave coupled-channel potential V αβ and found
that all diagonal potentials V D¯D
∗, D¯D∗ , V ρηc, ρηc and V piJ/ψ, piJ/ψ were very weak, which indicated that
the Zc(3900) was neither a simple piJ/ψ hadrocharmonium nor DD
∗ molecule state. Instead, they
found the ρηc − D¯D∗ coupling and the piJ/ψ − D¯D∗ coupling from the off-diagonal potentials were
both strong, which implied that the structure of Zc(3900) can be explained as a threshold cusp. They
further calculated the invariant mass spectra and pole positions associated with the coupled-channel
two-body T matrix on the basis of V αβ. Their results supported the Zc(3900) resonance as a thresh-
old cusp induced by the strong piJ/ψ − D¯D∗ coupling. They further made a semiphenomenological
analysis of the three-body decays Y (4260) → pipiJ/ψ, piD¯D∗ processes. As shown in Fig. 23, they
found that the coupled-channel potential V αβ can well reproduce the experimental peak structures in
the Y (4260) → pipiJ/ψ and Y (4260) → piD¯D∗ decays. When the off-diagonal components of V αβ
were turned off, the peak structures at 3.9 GeV disappeared in both cases. Accordingly, the authors
concluded that the Zc(3900) was not a conventional resonance but a threshold cusp [692, 693].
As indicated in Refs. [684, 686], including a large basis of four-quark interpolating operators in the
calculations could lead to more reliable determination of finite-volume mass spectra and scattering am-
plitudes. In the very recent lattice QCD study [697], the Hadron Spectrum Collaboration constructed 29
hidden-charm interpolating currents and 48 doubly-charmed interpolating currents with different color-
flavor-spatial-spin structures. Using these diverse bases of meson-meson operators as well as compact
tetraquark operators, they computed the two-point correlation functions in the isospin-1 hidden-charm
and doubly-charmed sectors using the distillation framework [698]. Their calculations were performed
on an anisotropic 163 × 128 lattice volume using 478 configurations and a Clover fermion action with
Nf = 2 + 1 flavors of dynamical quarks. The mass of the two degenerate light quarks corresponds
to mpi = 391 MeV while the strange quark was tuned so that its mass approximated the physical
value [699]. The multiple energy levels associated with the meson-meson levels which could be degen-
erate in the non-interacting limit were extracted reliably. In Fig. 24, the mass spectra in the isospin-1
hidden-charm sector were shown for the lattice irreps ΛPG = T++1 , A
+−
1 , T
+−
1 corresponding to the I = 1
and JPC = 1+−, 0++, 1++ for the charge neutral channels, respectively. One found that every energy
level had a dominant overlap onto one meson-meson operator, while the addition of tetraquark oper-
ators to a basis of meson-meson operators did not significantly affect the finite-volume spectrum. For
all these channels, the number of energy levels in the computed spectra was equal to the number of
non-interacting two-meson levels expected in the considered energy region and they all lie close to the
non-interacting levels. The authors concluded that there were no strong indications for any bound state
or narrow resonance in these channels [697]. Especially for the isovector T++1 irreps with J
PC = 1+−,
they didn’t find any candidate for the Zc(3900) and Zc(4025) states. Since the X(3872) has been ad-
mitted as an isosinglet [35], this study gave no hint for its existence. However, if the X(3872) exists as
a tetraquark [672, 673, 674], its isospin-1 partner would appear in this channel with IGJPC = 1+1+−.
However, no clear signal for such an isovector hidden-charm tetraquark state was found in Ref. [697].
Besides the studies of Zc(3900) and Zc(4025) in low-energy scattering of the (D
(∗)D¯∗)± systems, the
CLQCD Collaboration also investigated the low-energy near threshold scattering of the (D¯1D
∗)± system
in both the S-wave (A1 with I
GJPC = 1+0−−) and P -wave (T1 with IGJPC = 1+1+−) channels [700,
701]. In Ref. [701], the authors performed their calculations by using lattice QCD with Nf = 2 twisted
mass fermion configurations of size 323 with lattice spacing a ≈ 0.067 fm at three pion massesmpi = 307.0
MeV, 423.6 MeV, 488.4 MeV. For the D¯1D
∗ scattering in the S-wave A1 channel, they obtained the
values of the lowest q2 to be in the range [−0.7, −0.5], which increased by an order of magnitude
compared with their previous quenched lattice QCD result in Ref. [700]. This resulted in stronger
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Figure 23: The invariant mass spectrum of (a) Y (4260) → pipiJ/ψ and (b) Y (4260) → piD¯D∗ estab-
lished with the coupled-channel potential V αβ from the lattice QCD simulation at mpi = 411 MeV, taken
from Ref. [692]. The vertical black arrows show the reproduced peak positions from the lattice QCD
calculations.The blue dashed lines show the invariant mass spectra without the off-diagonal components
of V αβ.
attractive interaction between the two charmed mesons. The phase shift was also checked to satisfy
cot δ(q2) ≈ −1, which confirmed the existence of a shallow bound state in this channel. In the P -wave
T1 channel, similar conclusions were reached by inspecting the lowest values of q
2 and the quantity
cot δ(q2). Based on these results, the author concluded that the interactions between a (D¯1D
∗)± system
are attractive and a possible bound state below the threshold may exist for both pseudoscalar and
axial-vector channels. Especially, the resonance candidate in the IGJPC = 1+1+− channel may provide
some hints on the nature of the Z+(4430) state [701].
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Figure 24: Figure was taken from Ref. [697]. The spectrum plot in the hidden-charm isospin-1
ΛPG = T++1 , A
+−
1 , T
+−
1 lattice irreps calculated using the full basis of meson-meson and tetraquark
operators (left column), only meson-meson operators (middle column) and only tetraquark operators
(right column). Horizontal lines denote the non-interacting meson-meson energy levels, and boxes give
the lattice QCD computed energies.
9.4 The doubly-charmed/bottom tetraquark states
The idea of searching for stable tetraquark states from the first principle lattice QCD has a long
history and is still attractive now. In 1990’s, there were some efforts to calculate the interactions and
potential between two heavy-light mesons in lattice QCD [702, 703, 155, 156, 704, 705], inspired by
many phenomenological studies of the stability for these systems [173, 142, 141, 144, 706, 145, 147, 707,
150, 151, 152].
In Ref. [703], the authors extracted an effective potential between the heavy-light mesons (HLHL
systems) from the quark correlation functions in the framework of quenched lattice QCD with Kogut-
Susskind fermions. The correlation functions were calculated by including the two kinds of diagrams
corresponding to the pure gluon-exchange part and the quark-exchange part of the mesonic interactions.
The gauge field configurations were generated on a periodic 83 × 16 lattice with inverse gauge coupling
β = 5.6 corresponding to a lattice spacing a ≈ 0.19 fm. Finally, they were able to extract the MM
potential from the Euclidean time behavior of these correlators. The result showed that the resulting
potential was attractive at short heavy-quark distances and the interaction was stronger for smaller
light quark masses. They also found that the quark-exchange diagram played a significant role only
for distance r much less than 2a. This result was supported by the investigation in Ref. [155], where
an adiabatic approximation was used to derive the binding energy potential between two heavy-light
mesons in quenched SU(2)-color lattice QCD. The derived binding potential was attractive at short and
medium range. The UKQCD Collaboration studied the BB system at fixed heavy quark separation
R in quenched [156] and unquenched [704] SU(3) lattice QCD. They found evidence for deep binding
at small R in the Iq, Sq = (0, 0) and (1, 1) (where Iq and Sq are total isospin and spin for the two
light quarks, respectively) cases, for both quenched and unquenched results. The binding energy was
about 200 − 400 MeV at R = 0 and very short-ranged. It was essentially contributed by the gluon-
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exchange diagram and insensitive to the light quark mass. The (0, 1) channel at R = 0 was attractive
for unquenched and repulsive for quenched, which was the only difference between the quenched and
unquenched results. The quark-exchange diagram contributed at larger separations R ≈ 0.5 fm, where
the evidence for weak binding was found. The authors concluded that the exotic bbq¯q¯-mesons exist as
states stable under strong interactions.
However, the extracted potentials remain largely unexplored in the above lattice calculations due
to the large statistical uncertainties. In Ref. [708], the NPLQCD Collaboration studied the potentials
between two B mesons in the heavy-quark limit by choosing a relatively small lattice volume in order
to explore the intermediate and short-distance component of the potential. Their calculations were
performed on 163 × 32 quenched lattices with a spatial length of ∼ 1.6 fm at a pion mass mpi ≈ 400
MeV. They found nonzero central potentials in all four (I, sl) = (0, 0), (0, 1), (1, 0), (1, 1) spin-isospin
channels, where sl is the total spin of the light quarks. At short distance, they found clear evidence of
repulsion between the B mesons in the I 6= sl channels and attraction in the I = sl channels. Later,
the possible tetraquark bound states in HLHL system were suggested in Refs. [709, 710], based on their
lattice QCD calculations of the interaction potentials for various channels in the heavy-quark limit.
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Figure 25: The b¯b¯ pair forms a color triplet antidiquark at small separation r. The screening of the
light quarks has essentially little effect on the b¯b¯ interaction, due to the much farther separated light
quarks qq. Figure was taken from Ref. [357].
Besides, the BB potential was also computed by using the Wilson twisted mass lattice QCD with
two flavors of degenerate dynamical quarks (mpi ≈ 340 MeV) [711, 712]. The authors calculated 36
independent trial state potentials using 243 × 48 gauge field configurations. They established a simple
rule to judge whether a BB potential is attractive or repulsive: a BB potential is attractive if the
trial state is symmetric under the meson exchange, while the potential is repulsive if the trial state is
antisymmetric under the meson exchange, where the meson exchange means the combined exchange of
flavor, spin and parity. Using the dynamical results obtained in Refs. [711, 712], Bicudo and Wagner
found strong indication for the existence of a b¯b¯qq tetraquark bound state [355]. Assuming that the pair
of antibottom quarks was immersed in a cloud of two light quarks whose screening has little effect on
the b¯b¯ interaction, the authors suggested the following ansatz to model the heavy antiquark-antiquark
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potential:
V (r) = −α
r
e−(r/d)
p
, (113)
where r is the separation of two antibottom quarks, d characterizes the size of the B meson and p is
an exponent. They focused on a scalar isosinglet and a vector isotriplet tetraquark channels, which
were found to have attractive interactions between two static-light mesons in the dynamical lattice
simulations [711, 712]. Fitting the ansatz Eq. (113) to the lattice results for the heavy antiquark-
antiquark interactions, the authors were able to determine all three parameters α, d and p for the scalar
isosinglet while only two parameters α and d for the vector isotriplet. They derived an analytical rule for
the existence or non-existence of a bound tetraquark state for the radial equation in three dimensions.
Applying this rule to angular momentum l = 0, they found the condition for having at least one bound
state
µαd ≥ 9pi
2
128× 21/pΓ2(1 + 1/2p) , (114)
where µ is the reduced antibottom quark mass. According to this condition, the authors only found
a strong indication for the existence of a bound state in the isoscalar channel. To investigate the
existence of this bound state rigorously, they numerically solved the Schro¨dinger equation to calculate
the binding for heavy b¯b¯qq tetraquarks. They confirmed the existence of this b¯b¯qq tetraquark state
with a confidence level of around 1.8σ...3.0σ and binding energy of approximately 30 MeV...57 MeV.
For the vector isotriplet channel, however, both the analytical rule and binding energy obtained from
solving Schro¨dinger equation indicated that the existence of a bound state in this channel is rather
questionable. Nevertheless, possible sources of systematic errors should be considered, including the
choice of the heavy quark mass and the lattice spacing, the lattice QCD finite volume effects, the
unphysically heavy light quark masses.
In Ref. [357], they extended their computations for the light quark combinations qq ∈ {(ud −
du)/
√
2 , uu, (ud + du)/
√
2, dd} [355] to similar systems with heavier strange and charm quarks, i.e.
qq = ss and qq = cc, by investigating and quantifying systematic uncertainties in detail. They confirmed
the existence of the isoscalar udb¯b¯ tetraquark state with quantum numbers I(JP ) = 0(1+) and no bound
tetraquark state in the isotriplet channel with I(JP ) = 1(0+), 1(1+), 1(2+). They found no ssb¯b¯ and ccb¯b¯
tetraquarks exist in any channel. Later they considered the light-quark mass dependence and computed
the BB potential as a function of their spatial separation r, by using the twisted mass lattice QCD
(tmQCD) with a lattice spacing around 0.079 fm and three infinite-volume pion mass mpi ≈ 340 MeV,
480 MeV, 650 MeV [356]. This allowed for an extrapolation of the potentials to the physical pion mass,
showing the tendency that the binding in the scalar isosinglet channel became stronger towards the
physical pion mass, while the pion mass dependence was relatively mild close to the physical point.
Accordingly, the authors concluded that the two B mesons could form a tetraquark state in the scalar
isosinglet channel with the binding energy EB = −90+43−36 MeV. For the vector isotriplet channel, there
was no binding and the results were essentially independent on the pion mass.
Including the effects of the heavy b¯ quark spins, Bicudo et. al. reanalyzed the udb¯b¯ tetraquark
binding energy by solving a coupled-channel Schro¨dinger equation with the Born-Oppenheimer approx-
imation [713]. They found that the spin of heavy b¯ quarks decreased the binding energy. However, the
attraction was sufficiently strong that the previously predicted udb¯b¯ bound tetraquark state persisted
in I(JP ) = 0(1+) channel. Later in Ref. [358], a new tetraquark udb¯b¯ resonance with quantum numbers
I(JP ) = 0(1−) was predicted.
However, the above lattice simulations for the udb¯b¯ tetraquarks were all performed with mpi >
340 MeV in the static heavy quark limit. Recently, Francis et. al. investigated the possibility of
the udb¯b¯ and lsb¯b¯ (l = u, d) tetraquark bound states using nf = 2 + 1 lattice QCD ensembles with
sufficiently low pion masses mpi ≈ 164, 299 and 415 MeV and the near-physical mK [714]. The authors
considered one diquark-antidiquark interpolating operator and a meson-meson operator to calculate
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the correlation functions. They used the NRQCD lattice action [715, 716, 717] to calculate the bottom
quark propagators, which avoided the static approximation for the heavy b¯ quarks. Finally, they found
unambiguous signals for the JP = 1+ tetraquark states in the udb¯b¯ and lsb¯b¯ channels, which lied 189(10)
and 98(7) MeV below the corresponding free two-meson thresholds. These udb¯b¯ and lsb¯b¯ tetraquarks can
only decay via the weak interaction, implying that these states are rather stable. Later in Ref. [718],
they extended their investigation to study the qq′b¯c¯ tetraquark states with the same method. They
found the evidence of a stable I(JP ) = 0(1+) udb¯c¯ tetraquark, which lies about 15− 61 MeV below the
corresponding (D¯B∗) threshold.
There were also some studies on the doubly-charmed tetraquark states in lattice QCD. In Ref. [719],
Ikeda et. al. investigated the S-wave meson-meson interactions in the D − D, K¯ − D,D − D∗ and
K¯ − D∗ systems with both I = 0 and I = 1, by using (2 + 1)-flavor full QCD gauge configurations
generated at mpi = 410 ∼ 700 MeV. They employed the relativistic heavy-quark action to treat the
charm quark dynamics on the lattice. Using the HAL QCD method, the authors extracted the S-wave
potentials in lattice QCD simulations and then calculated the meson-meson scattering phase shifts and
scattering lengths. Their results showed that the interactions were repulsive and insensitive to the pion
mass for the I = 1 channels while they were attractive and growing with mpi for the I = 0 channels.
However, the S-wave scattering phase shifts in these attractive channels indicated that no bound states
or resonances were formed at the pion mass mpi = 410 ∼ 700 MeV, particularly in the I = 0 D − D∗
channel corresponding to the doubly-charmed tetraquarks Tcc with quantum numbers I(J
P ) = 0(1+).
The mass spectra for the doubly-charmed tetraquark states were also studied by the Hadron Spec-
trum Collaboration, using 48 interpolating currents [697]. Using these diverse bases of the meson-meson
operators as well as compact tetraquark operators, they calculated the mass spectra for the flavor content
ccl¯l¯ with isospin-0 in the lattice irreps ΛP = T+1 , E
+, T+2 corresponding to J
P = 1+, 2+, 2+ respectively
as shown in Fig. 26, and mass spectra for the flavor ccl¯s¯ with isospin-1
2
in the irreps ΛP = A+1 , T
+
1
corresponding to JP = 0+, 1+ respectively as shown in Fig. 27. Similar to the results for the isospin-1
hidden-charm sector, the number of energy levels in the computed spectra for the doubly-charmed sec-
tor was equal to the number of non-interacting two-meson levels and the majority of energies were at
most slightly shifted from the non-interacting levels. There were no strong indications that there was
any bound state or narrow resonance for the Tcc tetraquarks in these channels [697].
A comprehensive lattice QCD calculation of the tetraquark states with quark contents q1q2Q¯Q¯, q1, q2 ⊂
u, d, s, c and Q ≡ b, c in both spin zero (J = 0) and spin one (J = 1) sectors was presented on three
dynamical Nf = 2 + 1 + 1 highly improved staggered quark ensembles at lattice spacings of about
0.12, 0.09, and 0.06 fm [720]. The authors employed the overlap fermion action for the light, strange,
and charm quarks [721, 722] while a NRQCD formulation for the bottom quark [716]. They performed
the standard method for GEVP to obtain the effective masses of the ground state energy levels. The
results of the spin one tetraquark states showed the presence of the ground state energy levels which
were below their respective thresholds for all udb¯b¯, usb¯b¯, ucb¯b¯, scb¯b¯ and udc¯c¯, usc¯c¯ light flavor combina-
tions. The mass spectra for all spin zero tetraquark ground state were found to lie above their respective
thresholds, strongly disfavor the existence of any heavy bound tetraquark state with spin zero.
9.5 Other tetraquark configurations
After the X(5568) was observed by the D0 Collaboration, Lang et. al. investigated the S-wave
Bspi
+ scattering using lattice QCD to search for its existence with the flavor b¯sd¯u and spin-parity
JP = 0+ [723]. They employed gauge configurations with Nf = 2 + 1 dynamical quarks and lattice
spacing a = 0.0907(13) fm at rather low pion mass mpi = 162.6(2.2)(2.3) MeV. For the strange quark,
they used a partially quenched setup with the valence mass close to the physical point leading to
mK = 504(1)(7) MeV [724]. The bottom quark was treated as a valence quark using the Fermilab
method [725, 726]. They took into account the B+K¯0 channel for completeness. They didn’t find a
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Figure 26: Figure was taken from Ref. [697]. The spectrum plot for the isospin-0 doubly-charmed
sector with quark flavor content ccl¯l¯. The three columns of boxes and the horizontal lines are the same
as in Fig. 24.
candidate for X(5568) with JP = 0+.
In Ref. [727], the authors studied the low-lying spectrum of the bbb¯b¯ system using the lattice non-
relativistic QCD methodology to search for a stable tetraquark state below the corresponding lowest
noninteracting bottomonium-pair threshold. They constructed a full S-wave basis for the 1c×1c, 8c×8c
meson-meson type of interpolating operators and the 3¯c× 3c, 6c× 6¯c diquark-antidiquark type of opera-
tors with quantum numbers JPC = 0++ coupling to 2ηb and 2Υ, the J
PC = 1+− coupling to the ηbΥ and
JPC = 2++ coupling to 2Υ. They employed four gluon field ensembles at lattice spacings ranging from
a = 0.06− 0.12 fm, and one ensemble which had physical light-quark masses. All ensembles had u, d, s
and c quarks in the sea. The results showed no evidence of a stable tetraquark candidate below the
noninteracting bottomonium-pair thresholds in any channel by studying a full S-wave color-spin basis
of QCD operators. To ensure the robustness of this conclusion, they added an auxiliary scalar potential
into the QCD interactions with the objective of pushing a near threshold tetraquark increasingly lower
than the threshold. As a result, they found no indication of any state below the noninteracting 2ηb
threshold in the 0++, 1+− or 2++ channel.
9.6 Pentaquarks
The charmonium-nucleon scattering at low energy has been studied in lattice QCD before the
LHCb’s observation of the hidden-charm pentaquark states. In Ref. [728], Kawanai and Sasaki studied
the charmonium-nucleon potentials for both the ηc − N and J/ψ − N systems in quenched lattice
QCD. The central and spin-independent potentials were calculated from the equal-time BS amplitude
through the effective Schro¨dinger equation. They performed the quenched lattice QCD simulations on
two different lattice sizes with a lattice cutoff of a−1 ≈ 2.1 GeV. They used nonperturbatively O(a)
improved Wilson fermions for light quarks [729] and a relativistic heavy quark (RHQ) action for the
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Figure 27: As Fig. 26 but for the isospin-1
2
doubly-charmed sector with quark flavor content ccl¯s¯.
Figure was taken from Ref. [697].
charm quark [730]. As a result, the authors found that the all charmonium-nucleon potentials were
weakly attractive at short distances at mpi = 640 MeV, while the attractive interaction in the J/ψ−N
systems were rather stronger than that of the ηc −N system. However, these potentials were still not
strong enough to form a bound state in the J/ψ − N system. Moreover, the attractive interaction in
the ηc−N system tends to get slightly weaker as the light quark mass decreases, which may imply that
the strength of the ηc−N potential at the physical point becomes much weaker than that measured at
mpi = 640 MeV. Similar conclusions were also obtained previously in the preliminary quenched lattice
QCD study of the ηc−N and J/ψ−N scattering for mpi = 293−598 MeV [731], and in the computation
of the scattering lengths of the charmonium scattering with light hadrons in full QCD at mpi ≈ 197
MeV [732]. However, the NPL Collaboration reported a contradictory result in Ref. [733] that the ηc−N
system with JP = 1
2
−
has a deeply bound state with binding energy of 19.8(2.6) MeV, by using lattice
QCD calculations at very heavy pion mass mpi = 805 MeV and a single lattice spacing b = 0.145(2) fm.
To further discriminate the conflicting results between Refs. [728] and [733], Sugiura et. al. per-
formed the time-dependent HAL QCD method to study the charmonium-nucleon effective central inter-
actions in Ref. [734]. The authors focused on three S-wave channels ηcN(J
P = 1
2
−
), J/ψN(JP = 1
2
−
),
and J/ψN(JP = 3
2
−
), which were a part of the coupled channels that can couple to the hidden-charm
pentaquark states. The calculations were employed with 2 + 1 flavor full QCD gauge configurations at
the lattice spacing a = 0.1209 fm. The clover action was used for all quarks including charm quarks.
They calculated the effective central potentials in the two J/ψN and one ηcN channels for different time
slices. The scattering phase shift for J/ψN was also obtained by solving the S-wave radial Schro¨dinger
equation. They found the attractive interactions for all channels, however, not strong enough to form
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bound states. This result confirmed the time-independent method observation in Ref. [728].
The first lattice simulation reaching the energy region of the hidden-charm pentaquark states
Pc(4380) and Pc(4450) was performed in Ref. [735], in which both the S-wave and P -wave, both ηcN
and J/ψN systems were studied including all possible JP assignments. The authors considered the
nucleon-charmonium systems with total momentum zero of the form O ∼ N(p)M(−p), where N is
nucleon and M denotes J/ψ or ηc. They performed the simulations on the Nf = 2 ensemble with a
lattice spacing a = 0.1239 fm at the pion mass mpi = 266 MeV. The Wilson Clover action was adopted
for all light quarks and charm quarks. The energy spectra were calculated in the one-channel approx-
imation for all six irreps of the discrete lattice group Oh: irrep G
±
1 with J
P = 1
2
±
, 7
2
±
, irrep G±2 with
JP = 5
2
±
, 7
2
±
, irrep H± with JP = 3
2
±
, 5
2
±
, 7
2
±
. The final eigenenergies were presented in Fig. 28 for
the J/ψN system and in Fig. 29 for the ηcN system. As seen in these plots, the extracted lattice
energy spectra were exactly consistent with the prediction of the non-interacting nucleon-charmonium
systems. No additional eigenstates were found, which implied that there was no strong indication for a
hidden-charm pentaquark resonance in the one-channel approximation for ηcN and J/ψN scatterings.
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Figure 28: Eigenenergies of J/ψN system in one-channel approximation for all lattice irreps, denoted
as the boxes. The numbers denote the degeneracy of the expected states in the non-interacting limit.
Dashed lines represent the non-interacting energies EN(p) +EJ/ψ(−p) for different value of momentum
p. The green and turquoise dash-dotted lines correspond to the experimental masses of Pc(4380) and
Pc(4450). Figure was taken from Ref. [735].
The hadroquarkonium picture [736] was proposed for the modification of the potential between a
static cc¯ pair (in the heavy quark limit) induced by the presence of octet and decuplet light baryons.
In Ref. [737], the authors performed lattice QCD simulations on a CLS ensemble with Nf = 2 + 1
flavors of nonperturbatively improved Wilson quarks at a pion mass mpi ≈ 223 MeV at a lattice spacing
a = 0.0854 fm. The shift of the cc¯ binding energies due to the presence of the nucleon was extracted
to be down only by a few MeV, similar in strength to the deuterium binding. It was dubious whether
such a small attraction survives in the infinite volume limit and supports the existences of bound states
or resonances.
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Figure 29: Eigenenergies of ηcN system in one-channel approximation for all lattice irreps. Notations
are the same with those in Fig. 28. Figure was taken from Ref. [735].
9.7 A short summary for lattice QCD
We summarize some important conclusions from the present lattice QCD investigations as follows:
• Lattice QCD simulations found an isosinglet I = 0 candidate for the X(3872) state close to the
experimental data, only if both the conventional cc¯ operators and the two-meson DD¯∗ operators
were used. However, they found no candidate if the diquark-antidiquark and DD¯∗ interpolators
were used in the absence of cc¯, implying the cc¯ Fock component is crucial for the X(3872). The
inclusion or exclusion of the diquark-antidiquark operators does not affect the lattice energy levels
significantly.
• The lattice QCD simulations for the mass spectra of the hidden-charm four-quark systems didn’t
find any additional energy level in the IG(JPC) = 1+(1+−) channel associated with the Zc(3900)
and Zc(4020) states. The lattice investigations of the multiple channel scattering indicated that
the Zc(3900) is not a conventional resonance but a threshold cusp.
• A quenched lattice QCD calculation showed that the interactions between the (D¯1D∗)± system are
attractive for both the pseudoscalar (S-wave) and axial-vector (P -wave) channels. The Z+(4430)
might be a candidate of the P -wave D¯1D
∗ molecular state.
• The 1−− hybrid charmonium mass from Lattice calculations is consistent with the experimental
mass of the Y (4260), which supported the hybrid interpretation for this state.
• Lots of lattice simulations showed that the udb¯b¯ tetraquark state with quantum numbers I(JP ) =
0(1+) lies below the BB(∗) thresholds, implying that this state is stable against the strong and
electromagnetic interaction. This observation has been confirmed at the sufficiently low pion
masses mpi ≈ 164 MeV.
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• There is no evidence of a bbb¯b¯ tetraquark state with a mass below the lowest noninteracting 2ηb
threshold in the 0++, 1+− or 2++ channel in the lattice nonrelativistic QCD studies.
• To date, there are few lattice studies for many other XY Z structures reported in the last 16 years.
Future investigations are badly needed to study these claimed signals in various channels.
• Most of the present lattice simulations were performed with a rather large pion mass. The pion
exchange force plays a pivotal role in the formation of the loosely bound molecular states, which
decays exponentially with mpi and is very sensitive to the pion mass. Full QCD simulations near
the physical point are crucial to explore the underlying structures of the near-threshold XY Z
states.
• The lattice studies of the ηcN and J/ψN scatterings in the one-channel approximation found
no strong indication for the existence of Pc(4380) and Pc(4450) pentaquark states. The strong
coupling between the J/ψN with other two-hadron channels might be important for the formation
of the Pc states. The multiple channel scattering need to be investigated in the future lattice
simulations to confirm or refute the existence of the Pc states.
10 Production and decay properties
In this subsection, we shall discuss recent theoretical progress on the productions and decay proper-
ties of the multiquark states, which are crucial to understand the nature of exotic states. In particular,
the non-resonant explanations for some XY Z states depend on their production processes.
The production of the multiquark systems at the quark level remains very challenging since nonper-
turbative effects are usually involved. One has to turn to effective formalisms such as the nonrelativistic
QCD (NRQCD) framework [738, 162, 161, 739, 740] and quark combination models [741]. At the hadron
level, one may check whether it is necessary to introduce new resonances through refitting the produc-
tion cross sections and line shapes. There are investigations of the interference effects on line shapes, R
values, and resonance properties due to the nearby hadrons. There are also explorations of amplitude
pole structures in understanding the nature of resonances by considering the rescattering or meson loop
mechanism. An interesting observation is that the anomalous triangle singularity (ATS) in final state
interactions through the triangle diagram may mimic resonance-like structures in the mass invariant
distributions of measured channels, when all the three particles in the loop approach their on-shell
conditions simultaneously. If this mechanism were confirmed, the number of genuine resonances might
be reduced. In the literature, there are also discussions about productions of exotic hadrons in heavy
ion collisions [742, 743, 744].
One may adopt the widely used Cornell model or 3P0 pair creation model to study the decays of
higher charmonium(like) states [745, 746]. The quark-interchange model was proposed for the rear-
rangement decays of the multiquark states. [747, 748, 749, 750]. The rescattering mechanism may be
used to study the decays at the hadron level [751].
10.1 QQ¯qq¯
10.1.1 The X states
In Ref. [752], Zhou, Xiao, and Zhou reanalyzed the γγ → DD¯ and γγ → J/ψω processes where
the X(3930) [now called χc2(3930)] and the X(3915) were observed, respectively. Their results indicate
that these two mesons are the same 2++ state. In Ref. [753], Baru, Hanhart, and Nefediev investigated
whether the X(3915) is indeed the tensor partner of the X(3872) in the molecule picture [754] by
analysing the production amplitudes. They found that current data favor a scalar assignment, if the
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X(3915) is a D∗D¯∗ molecule. Its nature would require some exotic interpretation (i.e., neither a regular
quarkonium state nor the D∗D¯∗ spin partner of the X(3872)), if it is indeed dominated by the helicity-0
contribution of the nearby tensor state.
The hadronic effects on the X(3872) meson abundance in heavy ion collisions were studied in Ref.
[755], where the authors found that the absorption cross sections and the time evolution of the X(3872)
meson abundance were strongly dependent on its structure and quantum numbers. Combining the
double parton scattering and basic ideas of the color evaporation model, the authors of Ref. [756]
developed a model for the tetraquark production. They predicted the X(3872) production cross section
at LHC
√
s = 14 TeV to be in the order of tens of nb. In Ref. [757], Wang and Zhao discussed
dependence of the ratio between the Bc semileptonic and nonleptonic decays into the X(3872). They
demonstrated that the ratios would be universal and predictable if the X(3872) production mechanism
is through the cc¯ component, while significant deviations from the predicted results would be a clear
signal for the non-standard charmonium structure at the short distance.
In Ref. [758], the authors emphasized the connection between the decays Λb → X0cΛ and B− →
X0cK
−, with X0c = cc¯qq¯ (q = u, d, s) since these processes together with the case X
0
c → J/ψ arise
from the b → cc¯s transition at the quark level. Assuming the X(3872) and X(4140) to be tetraquark
states, Hsiao and Geng predicted the branching ratios of Λb → ΛX(3872) → ΛJ/ψpi+pi− and Λb →
ΛX(4140) → ΛJ/ψφ are (5.2 ± 1.8) × 10−6 and (4.7 ± 2.6) × 10−6, respectively, which were expected
to be accessible at LHCb. In Ref. [759], they predicted the branching fractions for B− → X0c pi−,
B¯0 → X0c K¯0, B¯0s → X0c K¯0, B−c → X0c pi−, B−c → X0cK−, B−c → J/ψµ−ν¯µ, and B−c → X0cµ−ν¯µ.
In Ref. [760], productions of the X(3940) and X(4160) in exclusive weak decays of Bc were stud-
ied with the improved Bethe-Salpeter method by assigning these two mesons as ηc(3S) and ηc(4S),
respectively. The predicted branching ratios are Br(B+c → X(3940)e+νe) = 1.0 × 10−4 and Br(B+c →
X(4160)e+νe) = 2.4×10−5. Nonleptonic Bc decays to these states were also investigated. In Ref. [761],
the same group investigated the two-body open-charm OZI-allowed strong decays of these two mesons
with the 3P0 model. The decay width of ηc(3S) is around 34 MeV and close to the width of X(3940).
Therefore, the ηc(3S) is a good candidate of X(3940). Although the width of ηc(4S) is around 70 MeV
and close to the lower limit of the width of X(4160), the ratio Γ(DD¯∗)/Γ(D∗D¯∗) of ηc(4S) is larger
than the experimental data of X(4160). The authors concluded that ηc(4S) is not the candidate of
X(4160).
In Ref. [270], Liu tried to understand the nature of X(4140), X(4274), X(4500), and X(4700)
in the process B+ → J/ψφK+ with the rescattering mechanism. The X(4700) and X(4140) may be
simulated by the rescattering effects, but the X(4274) and X(4500) could not if the quantum numbers
of X(4274) and X(4500) are 1++ and 0++, respectively, which indicates that the X(4274) and X(4500)
could be genuine resonances. The arguments from the mass, decay, and production [33, 269, 762, 60, 59]
lead to the suggestion that the X(4274) may be the conventional χc1(3P ). In Ref. [763], Liu and Oka
investigated the radiative transition processes e+e− → γJ/ψφ, γJ/ψω, and pi0J/ψη to search for the
cc¯ss¯ states, such as the X(4140), X(4274), X(4350), and X(3915), by considering the rescattering
processes via the charmed-strange meson loops. They found that the anomalous triangle singularity
(ATS) may appear as narrow peaks, when some special conditions are satisfied, and thus nonresonance
explanation is possible for their structures. Contrary to genuine resonances, the location of the ATS
peaks depends on kinematic configurations, and their movements may be used to distinguish the ATS
peaks from genuine resonances, once high resolution experiments are available.
In Ref. [764], the production ofX(3872) as aD∗D¯ molecule was considered in the process D¯(∗)D(∗) →
piX(3872) by using the heavy meson effective theory. In Ref. [765], the X(3872) production and
absorption in the hot hadron gas produced in heavy ion collisions were studied. The authors found that
the average X(3872) number as a DD¯∗ molecule, NX(mol) ≈ 7.8 × 10−4, is about 80 times larger than
that as a tetraquark state, since the production mechanisms are quite different. Similar investigations
about the Zb(10610) and Zb(10650) cases can be found in Refs. [766, 767, 768].
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The authors of Ref. [769] studied the production and decay of the exotic hadrons in multiproduction
processes at high energy hadron colliders in the non-relativistic wave function framework by treating
the exotic states as hadronic molecules. The rapidity and transverse momentum distributions of the
X(3872), Y (4260), and Pc(4380) at
√
s = 8 TeV in pp collisions were investigated.
The authors of Ref. [770] discussed the possibility of the X(4140) being the χc1(3P ) state through
the χc1pi
+pi− invariant mass spectrum in the B → Kχc1pi+pi− process. The analysis for the DD¯ invariant
mass in the B → KDD¯ decay results in a χc0(3P ) candidate with a mass around 4080 MeV. From
the decay behaviors of the χcJ(3P ), the assignments of the X(4140) and X(4080) as the χc1(3P ) and
χc0(3P ) are reinforced respectively.
In Ref. [771], Kang and Oller introduced a near-threshold parameterization to analyze the X(3872)
production processes pp¯→ J/ψpipi+ ..., B → KJ/ψpipi, and B → KDD¯∗0. The data can be reproduced
with similar quality for X(3872) being a bound and/or a virtual state. The authors of Ref. [772] studied
the J/ψφ mass distribution of the B+ → J/ψφK+ reaction, and found that the contributions of the
narrow X(4140) and the X(4160) are needed, which provided an explanation for the large width of
X(4140) observed by LHCb [59, 60]. The X(4160) state was found to be strongly tied to the D∗+s D
∗−
s
channel.
In Ref. [773], Dai, Dias, and Oset studied the B−c → pi−J/ψω and B−c → pi−D∗D¯∗ reactions. They
found that the molecular states X(3940) and X(3930) couple mostly to D∗D¯∗ in the 2++ and 0++
channels respectively, and have big influence on the J/ψω mass distribution. Later in Ref. [774], the
authors studied the semileptonic decay of the B−c meson into the 2
++ X(3930), 0++ X(3940), and 2++
X(4160) resonances by treating them as dynamically generated states.
In Ref. [775], the productions of the X(4350) → φJ/ψ and X(3915) → ωJ/ψ in γγ interactions
in pp/pPb/PbPb collisions at the LHC were investigated. The results with both JPC = 0++ and 2++
indicate that the experimental study is feasible and can be used to check the existence of these two
states. In Refs. [776, 777], Braaten, He, and Ingles pointed out that the production rate of X(3872)
accompanied by a pion at a high energy hadron collider should be larger than that of X(3872) without
a pion, if the X(3872) is a weakly bound charm-meson molecule. This type of production may happen
through the creation of the J = 1 D∗D¯∗ pair at short distances followed by a rescattering process. In
Ref. [778], the production of X(3872) accompanied by a pion in B meson decays was discussed. Such
a production should be observable, which can be used to support for the interpretation of X(3872) as
a molecule.
In Ref. [779], the transverse momentum spectra and yields of theX(3872), J/ψ, and ψ(2S) for heavy-
ion collisions at the LHC energies are predicted within the framework of the statistical hadronization
model. The production yield of X(3872) was found to be about 1% relative to that for J/ψ. In Ref.
[780], Guo proposed a method to study whether the X(3872) is above or below the D0D¯∗0 threshold. He
found that the line shape of X(3872)γ is very sensitive to the deviation of the X(3872) mass from the
threshold due to a triangle singularity. This indirect method can be applied to experiments producing
copious D∗0D¯∗0 pairs.
In Ref. [781], the production of 1++ Xb = BB¯
∗ molecule in the process Υ(5S, 6S) → γXb was
investigated by using the rescattering mechanism. The production ratios are orders of 10−5. In Ref.
[782], a comparative study for the strong decays of X(3915) as a 0++ charmonium state into DD¯ and
J/ψω channels were performed with the Cornell potential model, and a generalized screen potential
model. The suppression of the DD¯ mode can be understood with both models, while the significant
J/ψω mode favors the latter model.
In Ref. [334], the decay X(3872)→ J/ψγ was investigated in the Bethe-Salpeter equation approach
if it is a DD¯∗ molecule. The decay width was found to be in the range 8.7∼49.5 keV. The authors of
Ref. [783] studied the two-photon decay of the X(3915) state if it as a D∗0D¯∗0 molecule. The obtained
decay width is 36 keV. The decay width into J/ψω is 66 MeV in the same molecular picture [784].
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10.1.2 The Y states
In Ref. [785], in the Fano-like interference scenario, Chen, Liu, Li, and Ke studied the asymmetric
line shapes of the Y (4260) and Y (4360) structures in their discovery processes e+e− → pipiJ/ψ and
e+e− → pipiψ(3686) by considering the interference between continuum and resonance contributions.
They found that the broad structure Y (4008) can be induced by the Fano-like interference. Their
numerical results indicate that the Y (4008), Y (4260), and Y (4360) may be not genuine resonances,
which may explain the absence of these states in the R value scan and the non-observation of their
open-charm decay modes. The Fano-like phenomena were also expected in processes such as e+e− →
pipiψ(3770) and e+e− → KK¯J/ψ. In Ref. [786], Chen, Liu, and Matsuki studied the interference
effects in understanding the Y (4320) and Y (4390). They found that the signals of these two structures
can be reproduced by introducing the interference effects between ψ(4160), ψ(4415), and background
contributions. Therefore, the Y (4320) and Y (4390) may be not genuine resonances. A better description
of experimental results needs the introduction of Y (4220), which was proposed to be the charmonium
ψ(4S). In Ref. [787], the updated data of Y (4220) were used to categorize this state into the J/ψ
family in a 4S-3D mixing scheme. The present experimental data seem to support the charmonium
assignment. The assignments of higher charmonia states and properties of newly predicted states were
also discussed.
In Ref. [745], the open-charm decay mode ΛcΛ¯c of Y (4630) was explored in the
3P0 pair creation
model by assuming this exotic meson to be a P -wave diquark-antidiquark state [97]. The decay mech-
anisms of Y (4630) in both tetraquark and molecule pictures were studied in Ref. [788]. The pp¯, pipi,
and KK¯ decay modes of Y (4630) were discussed in the ΛcΛ¯c rescattering mechanism in Ref. [751].
In Ref. [789], the role of the s-channel Y (4630) in the pp¯ → ΛcΛ¯c reaction near threshold was
investigated. The authors found that this state gives a clear bump structure with the magnitude of
10 µb, which can be tested by the PANDA experiment. In Ref. [790], productions of Y (4220) in
the processes e+e− → Y (4220) → pp¯pi0 and pp¯ → Y (4220)pi0 were studied simultaneously, where the
nucleon and its excitations play an important role in the reactions. Therefore, the PANDA experiment
can also be used to study the properties of Y (4220).
In Ref. [260], Qin, Xue, and Zhao investigated the production mechanism of Y (4260) in e+e−
annihilation by assuming it to be a D¯D1 + c.c. molecule admixed with a compact cc¯ component. They
found that the heavy quark spin symmetry breaking plays a crucial role for the Y (4260) production,
and the molecule picture can describe the available observables simultaneously. They also found that
D¯D∗pi + c.c. is one of the important decay channels of Y (4260). In Ref. [791], Cleven and Zhao
demonstrated that the molecule picture of Y (4260) can explain the cross section line shape of e+e− →
χc0ω around the Y (4260) mass region. Further in Ref. [792], Xue, Jing, Guo, and Zhao showed that
the partial widths of the molecular Y (4260) to D∗D¯∗ and D∗sD¯
∗
s are much smaller than the width to
D¯D∗pi + c.c., and the Y (4260) contributions to the cross section line shapes of the e+e− → D∗D¯∗ and
D∗sD¯
∗
s are rather small in most of the energy region from thresholds to about 4.6 GeV. They also found
that the interferences of the Y (4260) with nearby charmonium states ψ(4040), ψ(4160), and ψ(4415)
produce a dip around 4.22 GeV in the e+e− → D∗D¯∗ cross section line shape.
In Ref. [793], Dai, Haidenbauer, and Meissner investigated the reaction e+e− → Λ+c Λ¯−c at energies
close to the threshold after considering the effects from the Y (4630) resonance and the final state
interactions. The mass and width of this state were found to be around 4652 MeV and 63 MeV,
respectively, and thus the Y (4630) and Y (4660) could be the same state. In Ref. [794], a combined fit
was performed to the cross sections of e+e− → ωχc0, pipihc, pipiJ/ψ, pipiψ(3686), and pi+D0D∗− + c.c.
with three resonances Y (4220), Y (4390), and Y (4660). The authors found that the first two resonances
are sufficient to explain these cross sections below 4.6 GeV, so the Y (4320), Y (4360), and Y (4390)
should be one state.
In Ref. [795], the DD¯∗ loop contributions to the e+e− reaction around 4.0 GeV were considered with
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effective Lagrangians. The authors noticed a second pole dynamically generated by the meson-meson
quantum fluctuations in addition to the charmonium ψ(4040). This pole leads to the controversial state
Y (4008) observed in e+e− → pipiJ/ψ. The authors also expect that the pole could be visible in the
process e+e− → ψ(4040)→ DD¯∗. The same mechanism may be applied to the Y (4260) and ψ(4160).
In Ref. [796], the relation between the ψ(4160) and Y (4260) within a unitarized effective Lagrangian
approach was studied. The authors found that the Y (4260) is not an independent resonance but a
manifestation of the ψ(4160) due to the final state interactions between the D∗sD¯
∗
s and the J/ψf0(980).
In Ref. [797], Chen, Dai, Guo, and Kubis studied the processes e−e+ → Y (4260) → J/ψpipi(KK¯) in
the dispersion theory, and analyzed the roles of the light-quark SU(3) singlet and octet states in the
transitions. According to their investigations, the Y (4260) contains a large light-quark component, and
it is neither a hybrid nor a conventional charmonium state. The analysis of the ratio of the octet and
singlet components indicates that the Y (4260) has a sizeable D¯D1 component, although it is not a pure
D¯D1 molecule.
Very recently, BESIII studied the reaction e+e− → pi+pi−DD¯ at center-of-mass energies above 4.08
GeV, and observed ψ(3770) and D1(2420)D¯ + c.c. in this process. Neither fast rise of the cross section
above theD1(2420)D¯ threshold nor obvious structure is visible from the measurements, which is different
from the expectation of Ref. [798].
In Ref. [799], Chen et al studied the decay of Y (4260) into Zc(3900)pi by assuming that they are
DD¯1 and DD¯
∗ molecules, respectively. The partial width was found to be around 1.2∼3.0 MeV. In Ref.
[800], the open-charm decays of the charmonium ψ(33D1) were studied in the
3P0 pair creation model.
The total width is consistent with those of both Y (4320) and Y (4390). One of the dominant decays of
Y (4390) is Y (4390)→ D1D¯ → pi+D0D∗−.
In Ref. [746], Xiao et al. studied the ΛcΛ¯c decay mode of the higher vector charmonium states
around 4.6 GeV in the 3P0 pair creation model. They found that the partial decay widths for S-wave
charmonia are about a few MeV, and those for D-wave charmonia are less than one MeV. The Y (4660)
is very likely to be an S-wave charmonium, if the Y (4630) and Y (4660) are the same state.
10.1.3 The Zc states
In Ref. [801], the final state interaction effects on the Zc(3900) was studied. In the analysis, the
authors calculated the amplitudes of the e+e− → J/ψpipi, hcpipi, and DD¯∗pi processes, and searched
poles in the complex energy plane. They found only one pole in the nearby energy region in different
Riemann sheets and concluded that the Zc(3900) is a molecular state according to the pole counting rule
[802, 803]. In Ref. [804], the same group noted that the triangle singularity mechanism did not produce
the observed Zc(3900) peak. Their study again favors the molecular assignment for the Zc(3900).
In Ref. [805], to understand the nature of Zc(3900), the authors considered the J/ψpi and D
∗D¯
coupled-channel T-matrix analysis in a finite volume. Comparing their calculations with the lattice
results [686], they concluded that it is difficult to distinguish whether the Zc(3900) is a resonance
originating from a pole above the D∗D¯ threshold or a virtual state below the threshold. In Ref. [806],
the authors carried out a thorough amplitude analysis of the Zc(3900) data and considered four different
scenarios corresponding to the pure QCD states, virtual states, or purely kinematical enhancements.
They concluded that it is not possible to distinguish between these scenarios at that time, which
contradicted the conclusion of Ref. [804].
Both the X(3872) and Zc(3900) were observed in the e
+e− annihilations (into γX(3872) and
piZc(3900), respectively), but only the X(3872) was observed in B decay. In order to understand
this puzzle, Yang, Wang, and Meissner studied the isospin amplitudes in the exclusive B decay into
D∗D¯K in Ref. [807]. Their analysis indicates that the production of the isovector C = − D∗D¯ state is
highly suppressed compared to the isospin singlet one, if both states are DD¯∗ molecules. Their findings
seem to support the molecular nature of Zc(3900).
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In Ref. [808], He and Chen investigated the piJ/ψ-D¯∗D interaction in the Y (4260) decay in a
coupled-channel quasipotential Bethe-Salpeter equation approach in order to understand the origin of
the Zc(3900) and Zc(3885). They found a virtual state around 3870 MeV, and concluded that the two
Zc states are from the same virtual state. In Ref. [809], Zhao analyzed possible quantum numbers and
various explanations of the Zc(4100) state via its production in the B decay process. He found that the
state can be either induced by final state interaction effects arising from an S-wave D∗D¯∗ rescattering
with IG(JPC) = 1−(0++), or it is a P -wave resonance with IG(JPC) = 1−(1−+) arising from the D∗D¯∗
interaction. The latter structure can be regarded as an excited state of Zc(4020).
In Ref. [810], Cao and Dai discussed possible JP assignments for the Zc(4100), Z1(4050) [called
Zc(4050) in PDG [35]], and Z2(4250) and proposed that the Zc(4100) observed in ηcpi by LHCb [67]
and the Z1(4050) observed in χc1pi by Belle [811] correspond to the same state. They suggested that
the Z2(4250) should be a 1
+ or 1− state, while the Zc(4100)/Z1(4050) could be a 0+ or 1− state.
In Ref. [812], the authors demonstrated that the Zc(4430) and Zc(4200) can be consistently in-
terpreted as kinematical singularities from the triangle diagrams. They explained why the Zc(4200)
contribution was observed in Λb → J/ψppi but Zc(4430) was not. In Ref. [813], the Z1(4050) and
Z2(4250) structures observed in B¯
0 → χc1K−pi+ were also explained with the triangle singularities, and
the JP was predicted to be 1− (1+ or 1−) for Z1(4050) (Z2(4250)).
In Ref. [814], the production of Zc(3900) and Zc(4020) in Bc decays was studied with an effective
Lagrangian approach by considering meson loop contributions. The branching ratios of Bc decays to
Zc(3900)pi and Zc(4020)pi are around 10
−4 and 10−7, respectively. In a light-front model, Ke and Li
studied the decays of Zc(3900) and Zc(4020) [called X(4020) in [35]] into hcpi by assuming them as
DD¯∗ and D∗D¯∗ molecules, respectively [815]. They found that the Zc(4020) seems to be a molecular
state. If the Zc(3900) is also a molecule, it would be observable in e
+e− → hcpi, since the partial width
of Zc(3900) is only three times smaller than that of Zc(4020). The nonobservation of Zc(3900) in this
channel with precise measurements would be helpful to rule out its molecule interpretation.
The role of the charged exotic states in the reaction e+e− → ψ(2S)pi+pi− was considered with a
dispersive approach in Ref. [816]. The authors found that the Zc(3900) state plays an important role in
explaining the BESIII’s invariant mass distribution at both
√
s = 4.226 and 4.258 GeV [66]. The sharp
narrow structure at
√
s = 4.416 GeV can be explained with a heavier charged state whose mass and
width are about 4.016 GeV and 52 MeV, respectively. At
√
s = 4.358 GeV, no intermediate Zc state
is necessary. The authors also concluded that the pipi final state interaction leads to the pipi invariant
mass distribution for these four energies.
In Ref. [817], the strong decay widths of Zc(3900) into J/ψpi and ηcρ were calculated with the
coupling constants in the QCD sum rule method with the assumption that the Zc(3900) is a diquark-
antidiquark state with JPC = 1+−. The resulting decay width of these two modes is around 66 MeV,
larger than the PDG value 28.2 ± 2.6 MeV [35]. In Ref. [818], the charmless decays of the Zc(3900)
and Zc(4025) [called X(4020) in [35]] into vector-pseudoscalar (VP) type light mesons were investigated
with the rescattering mechanism by assuming these mesons to be IG(JPC) = 1+(1+−) DD¯∗ and D∗D¯∗
molecules, respectively. The branching ratios of Zc(3900)→ V P (Zc(4025)→ V P ) are typically of the
order 10−3 (10−5).
In Ref. [819], the strong decay widths Zc(3900)→ J/ψpi (ηcρ, D¯0D∗+, D¯∗0D+) and Z(4430)→ J/ψ
(ψ(2S)pi) were calculated within a covariant quark model. The authors found that the tetraquark-type
(molecule-type) current is in disaccord (accordance) with the experimental observation that Zc(3900)
has a much stronger coupling to DD¯∗/D∗D¯ than to J/ψpi. They found that the Z(4430) state is a good
candidate for the compact tetraquark state, and predicted the partial decay width Γ(Z+4430 → D∗++D¯∗0)
to be around 24 MeV.
In Ref. [750], Wang et al investigated the strong decays of Zc(3900) ∼ D∗D¯, Zc(4020) ∼ D∗D¯∗,
Zc(4430) ∼ D¯D∗(2S) or D¯∗D(2S), Zb(10610) ∼ B∗B¯, and Zb(10650) ∼ B∗B¯∗ into a heavy quarkonium
plus a pion in a relativized quark model in the molecule picture. The decay proceeds through the
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interchange of a heavy quark and a light quark as well as the exchange of a gluon. Therefore, the
exchanged Qq¯ or Q¯q is a color-octet state. According to their results, the Zc(3900) and Zc(4020) have a
larger coupling with ψ(2S)pi than J/ψpi, but the partial width Γ(Zc(3900)→ J/ψpi) is much larger than
Γ(Zc(3900) → ψ(2S)pi). This feature is consistent with the experimental observations. The obtained
decay ratios also favor the molecule assignments for the Zb states. However, the calculation does not
favor the pure molecule assignment for the Zc(4430), which is different from the study with the naive
nonrelativistic quark model [820].
In Ref. [821], Voloshin considered the decays Zc(4020)→ X(3872)γ and Zc(4020)→ X(3872)pi. He
assumed that X(3872) is dominantly an S-wave D0D¯∗0 molecule and that the Zc(4020) is an S-wave
D∗D¯∗ resonance, where the transitions occur through D∗ → Dγ,Dpi. The rates were found to be at
most several tenths percent in terms of the branching fraction for the Zc(4020).
10.1.4 The Zb states
In Ref. [822], the role of the Zb states in the Υ(nS) → Υ(mS)pipi (m < n ≤ 3) transitions was
analyzed by studying the final pipi rescattering effects with the dispersion theory. The Zb effects in
Υ(2S) → Υ(1S)pipi and Υ(3S) → Υ(2S)pi0pi0 are very small, but those in Υ(3S) → Υ(1S)pipi are
significant. The inclusion of the Zb states and pipi interactions can explain the observed anomaly of
Υ(3S) → Υpipi. Further in Ref. [823], the effects of the two intermediate Zb states and bottom meson
loops on the dipion transition processes Υ(4S) → Υ(1S, 2S)pipi were studied. The authors found that
the contribution from meson loops is comparable to those from the chiral contact terms and the Zb-
exchange terms. With the inclusion of Zb’s and meson loops, the authors can reproduce the experimental
two-hump behavior of the pipi spectra in Υ(4S) → Υ(2S)pipi. In the process Υ(4S) → Υ(1S)pipi, they
expect a narrow dip around 1 GeV in the pipi invariant mass distribution.
In Ref. [824], Guo et al studied the line shapes of the near-threshold states Zb(10610) and Zb(10650)
with IG(JPC) = 1+(1+−) using their parametrization method. They found that the Zb(10610) is a
virtual state on the second Riemann sheet near the BB¯∗ threshold, while the Zb(10650) is a resonance
on the third or fourth Riemann sheet near the B∗B¯∗ threshold.
In Ref. [825], Bondar and Voloshin discussed the possibility that the production channels in the
Υ(6S) mass region are dominated by the Zb(10610) (not Zb(10650)) due to the triangle singularity in
e+e− → B1(5721)B¯ → Zb(10610)pi. If this mechanism is dominant, any nonresonant background not
associated with the Zb(10610) should be suppressed. A similar structure near 11.06 GeV in the e
+e−
annihilations into Υ(ns)pipi and hb(kP )pipi was also expected.
In Ref. [826], the hidden-bottom decays of the Zb(10610) and Zb(10650) into Υ(nS)pi (n = 1, 2, 3),
ηb(mS)ρ (m = 1, 2), and ηb(mS)γ were analyzed with the effective Lagrangian approach, via final state
interactions or meson loop contributions. With this mechanism, the final state interactions were found
to be important, and the branching ratios into ηb(mS)ρ and ηb(mS)γ were predicted. In the same
framework, the hidden-charm decays of the Zc(3900) and Zc(4020) states in Ref. [827] were consistent
with the recent BESIII measurement [828].
In Ref. [829], the bottomoniumlike Zb(10610) and Zb(10650) resonances were proposed to be a
mixture of the molecular BB¯∗/B∗B¯ and B∗B¯∗ states with one mixing angle θ. With θ ≈ 0.2, the ratio
Γ[Zb(10650) → BB¯∗/B∗B¯]/Γ[Zb(10650) → B∗B¯∗] ∼ 0.04 and a definite interference pattern in the
process Υ(5S)→ BB¯∗/B∗B¯pi were predicted.
In Ref. [830], the experimental data for the two Zb states were analyzed simultaneously in the
molecule picture using the Lippmann-Schwinger equations. The long-range pion interaction does not
affect the line shapes if only S-waves are considered, but the situation is slightly different once D-waves
are included. The study also indicates that the two Zb states can be described by poles on the unphysical
Riemann sheets, where the Zb(10610) is associated with a virtual state just below the BB¯
∗ threshold,
while the Zb(10650) is likely an above-threshold shallow state. In Ref. [831], the same method was
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applied to the spin partner states Wb’s with J
PC = (0, 1, 2)++. The pionful (pionless) approach leads
to the threshold cusp (above-threshold hump) in the line shapes.
In Ref. [832], the production of Zb(10610) and Zb(10650) from the Υ(5S, 6S) decays through bottom-
meson loops was investigated. The contributions from the B′1B¯
(∗)/B∗0B¯
∗ loops dominate those from the
B(∗)B¯(∗) loops due to the larger pionic couplings in the triangle diagrams. The branching ratios of
Υ(6S)→ Zb(10610)pi and Zb(10650)pi were predicted to be around 4%.
In Ref. [833], the strong decays of Zb(10610) and Zb(10650) were studied with molecular type
currents using the same method in studying the decay widths of Zc(3900) and Z(4430) [819]. The
Υ(1S)pi and ηbρ decay modes are suppressed but not as much as the Belle data.
Inspired by BESIII’s new measurement Γ(Zc(3900)→ ρηc)/Γ(Zc → piJ/ψ) = 2.1±0.8 [828], Voloshin
estimated the cross section of the processes e+e− → γWbJ at the maximum of the Υ(5S) resonance to
be about 0.1 pb [834], where WbJ are the predicted isovector B
(∗)B¯(∗) meson-antimeson states from the
considerations of the heavy quark spin symmetry and light quark spin symmetry [406].
10.2 QQq¯q¯ and QQQ¯Q¯
In Ref. [835], the feasibility of the production and detection of Tcc at various facilities was discussed.
Its production is comparable to the doubly charmed baryon production and prompt J/ψcc¯ production.
Thus, its observations at SELEX, LHC, and Belle should be possible.
The production of the Tcc states in the electron-positron process has been discussed in Refs. [161,
162, 739]. To search for these exotic states at B factories, the authors of Ref. [739] proposed a
more efficient analysis method. If a three-jet event may be identified by their energy and angular
distributions, the doubly charmed states can be searched for in the most energetic jet, which may
suppress the combination background fluctuations of the reconstructed hadron mass spectra.
In [836], the authors argued that the doubly charmed tetraquarks are a straightforward consequence
of the diquark-antidiquark model [95, 97]. Assuming that these tetraquarks are above-threshold parti-
cles, the authors explored their decay modes and rates as well as their production mechanisms. They
showed that the doubly charmed tetraquarks could be produced at LHC from the decays of Bc and Ξbc.
In Ref. [837], the authors noted that the hadronic effects on the Tcc tetraquark state are insignificant
in relativistic heavy ion collisions. The authors also noticed that theD+D+pi− andD0D0pi+ decay modes
of Tcc should be the most probable channels to reconstruct it from heavy ion collisions. Besides, the
order of yields at LHC and RHIC reads, D > Ξ
(∗)
cc > Tcc(molecule)> Tcc(compact).
In Ref. [838], Ali et al explored the production of T
{bb}
[u¯d¯]
, T
{bb}
[u¯s¯] , T
{bb}
[d¯s¯]
, and Ξbbq (q = u, d, s), in
Z-boson decays. The lifetimes of these tetraquarks were estimated to be around 0.5 ps. Besides, their
signature decay modes were studied. In Ref. [839], the discovery potential of these tetraquarks at LHC
was discussed. According to the estimated cross section σ(pp→ T {bb}+X), the prospects of discovering
these states are excellent.
In Ref. [168], the semileptonic 2-, 3-, and 4-body weak decays of TQQq¯q¯ (Q = c, b, q = u, d, s)
were systematically investigated. The nonleptonic decays and possible golden decay channels at LHCb
and Belle II experiments were also discussed. The weak decays of the I(JP ) = 0(1+) T−
bb;u¯d¯
tetraquark
state to the scalar diquark-antidiquark Zbc;u¯d¯ = [bc][u¯d¯] were investigated in [520] using the QCD sum
rule approach, and the lifetime of the T−
bb;u¯d¯
was found to be around 9.2 fs, which is shorter than that
obtained in Ref. [838].
In Refs. [840, 841], the inclusive decay mode Ξbbq → B(∗)−c + Xc,s,q was proposed as a potential
discovery channel for the doubly bottom baryon at LHC, which is based on the fact that B
(∗)
c can only
arise from the weak decay of a hadron with two bottom quarks. If the Ξbbq states could be observed,
such a decay mode may also be used to search for the bound Tbb states.
The possible observation of the [cc][c¯c¯] and [bc][b¯c¯] states with JPC = 2++ at LHC was discussed
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in Refs. [177, 178]. The color connections of QQQ¯Q¯ states and the induced hadronization effects on
Ξcc and Tcc in e
+e− annihilation processes were studied in [842]. A study of T4c = ccc¯c¯ production in
double parton scattering was given in Ref. [756]. Possible channels to search for such a bbb¯b¯ state were
discussed in Refs. [843, 844].
In Ref. [845], the authors investigated the lifetime and weak decays of the fully heavy tetraquark
state bbc¯c¯ with JP = 0+. They obtained a lifetime value around 0.1∼0.3 ps and discussed the golden
channels to search for this state.
10.3 QQ¯qqq
The analysis of the process Λb → J/ψK−p in Ref. [846] by Roca, Nieves, and Oset supports the
Pc(4450) as a 3/2
− molecule of mostly D¯∗Σc and D¯∗Σ∗c . In Ref. [847], an improved analysis by Roca
and Oset indicates that the existence of the Pc(4380) state cannot be undoubtedly claimed with only
the fit to the K−p and J/ψp mass distributions. The investigation of Λ0b → J/ψK−p and J/ψppi− in
Ref. [848] indicates that the s-/u-channel contributions are not negligible. The obtained bound states
and line shape of the J/ψN mass distribution favor the assignment of the Pc(4450) as a D¯
∗Σc molecule.
In Ref. [849], the process Λb → J/ψK0Λ was studied with the contributions of a hidden-charm
pentaquark-like molecule state [184, 193]. A clear peak in the J/ψΛ mass distribution was found. In
Ref. [850], the contributions of the hidden-charm N∗ states with JP = 1/2− and 3/2− to the reaction
γp→ D¯∗0Λ+c were discussed. These states lead to clear peak structures in the total cross sections. The
contributions of a hidden-beauty N∗(11052) to the pi−p scattering were discussed similarly in Ref. [851].
The authors of Ref. [852] suggested that a clean peak should be seen for a hidden-charm resonance
(mass∼4265 MeV), which couples to the ηcp channel in the decay Λb → ηcK−p.
In Ref. [853], the production of the Pc states and their yields in ultrarelativistic heavy ion collisions
were discussed in both the compact pentaquark picture and the molecule picture. In Ref. [854], the
production cross section for a hidden-charm pentaquark in proton-nucleus collisions was found to be
sizable by assuming if it is a molecule of a charmonium and a light baryon.
In Ref. [855], Liu and Oka discussed the rescattering effects in the reaction pi−p→ pi−J/ψp due to
the intermediate open-charm hadrons. They showed that the triangle singularity peaks can simulate the
pentaquark-like resonances in the J/ψp invariant mass distributions. In Ref. [856], Guo et al proposed
that the Pc(4450) observed in the process Λb → J/ψpK might be due to a triangle singularity around the
χc1p threshold. A discussion on triangle singularities in Ref. [857] indicates that the narrow Pc(4450)
would have an origin other than the triangle singularity from the Λ∗-charmonium-proton intermediate
states, if this baryon has quantum numbers JP = 3/2−, 5/2+.
In studying the nature of Zc(3900) with the pole counting rule in Ref. [801], the authors suggested
that the Pc(4450) pentaquark can be related to Zc(3900) by replacing a ud pair by a d¯. They speculated
that the Pc(4450) should be a ΣcD¯
∗ molecule with J = 3/2 rather than J = 5/2.
In Ref. [858], Kim et al considered the reaction pi−p→ J/ψn based on the hybridized Regge model
and included the contributions of the LHCb Pc states. The total cross sections were found to be about
1 nb in the vicinity of the heavy pentaquark masses. In Ref. [859], Karliner and Rosner discussed the
J/ψN photoproduction on deuterium, through which the simultaneous investigation of the cc¯uud and
cc¯ddu isospin partner states can be achieved. The photoproduction of Pc(4450) on a deuteron target
may be used to check whether it is a genuine isospin-half resonance.
The authors of Ref. [860] studied the pentaquark production in the semileptonic decays Λb →
J/ψp`−ν¯` where ` = e, µ. The branching ratios are about two orders of magnitude smaller than the
decay Λb → pµν¯µ, which is accessible to the ongoing experiments at the LHCb.
In Ref. [740], the hidden-charm pentaquark production at the e+e− colliders was discussed in the
NRQCD factorization framework, by treating the pentaquark as a cc¯nnn state with a color-octet cc¯
configuration. It is possible to search for the direct pentaquark production signal at e+e− colliders.
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The authors of Ref. [219] discussed the production mechanism of the Pc pentaquarks in Λb decays
and assumed that they are (cc¯)8c(qqq)8c states. The decay happens through b → c + s + c¯ followed
by a gluon emission (→ uu¯) from s. Then s and u¯ form the kaon meson while the other quarks
form the pentaquarks. The two color octet (cc¯)8c and (qqq)8c components in S-wave (P -wave) lead
to the JP = 3/2− (5/2+) state. This mechanism can explain why only a few states with nonminimal
constituents were discovered so far.
In Ref. [861], the difference between partial-wave analysis formalisms used in the construction of
three-body amplitudes involving fermions was discussed, particularly in the decay Λb → J/ψK−p. The
authors found meaningful effects on the resonance pole position extraction, which is particularly rele-
vant when several resonances overlap and the quantum number assignment is not stable. In Ref. [862],
the authors discussed the role of the hidden-charm pentaquark resonance Pc(4450) in J/ψ photopro-
duction off 12C and 208Pb target nuclei near threshold. The presence of Pc(4450) produces additional
enhancements above threshold in the total J/ψ creation cross section on nuclei, which can be tested in
future JLab experiments.
In Ref. [863], Voloshin discussed the hidden-charm pentaquark production in p¯d collisions, which is
possible due to the coupling of charmonia to the pp¯ channel. He found that the pentaquark formation
may happen with the nucleons moving slowly inside the deuteron due to the masses of the pentaquark,
charmonium, and the nucleon being close to a special kinetic relation. The formation cross section of
hypothetical pentaquark states decaying to ηcN was much larger than that of pentaquarks into J/ψN ,
because of a much larger ηc → pp¯ decay width.
The authors of Ref. [864] studied the strong decay mode J/ψp of the Pc states in the molecule
scenario. The partial decay widths are significantly different for various JP assignments. The S-wave
ΣcD¯
∗ pictures for the Pc(4380) and Pc(4450) and the Σ∗cD¯ assignment for the Pc(4380) with J
P = 3/2−
are all allowed by the present experimental data.
In Ref. [865], the different decay properties of the D¯Σ∗c and D¯
∗Σc molecules were discussed. The
Pc(4380) was proposed as a D¯Σ
∗
c molecule and the decay channel D¯
∗Λc was suggested to be used to
disentangle its nature. In Ref. [866], the decay properties of the Pc(4380) and Pc(4450) were studied
with the effective Lagrangian framework by treating them as meson-baryon molecules. The D¯Σ∗c and
D¯∗Σc molecules have different decay branching ratios. The Pc(4380) (Pc(4450)) was proposed to be a
3/2− D¯Σ∗c (5/2
+ D¯∗Σc) molecule. The cross sections for the processes γp → J/ψp and pip → J/ψp
through the S-channel Pc states were also calculated. The same framework was used to discuss the
decay behaviors of the strange and beauty partners of the Pc hadronic molecules in Ref. [867].
Besides the spectrum, the authors of Ref. [375] also calculated the partial decay width of the
JP = 3/2− Pc(4450) into J/ψN to be around 11 MeV by treating it as a hadroquarkonium state. Later
in Ref. [868], the decays of the pentaquark Pc(4450) were further investigated in both hadrocharmonium
and molecular pictures. The authors found that the decay patterns are vastly different. The decays of
the Pc molecule into J/ψ are strongly suppressed, while the opposite happens in the hadrochamonium
case.
In Ref. [524], the authors studied the strong decay width of Pc(4380) into J/ψN by treating it as a
D¯∗Σc molecule with JP = 3/2+ or 3/2−. The coupling constants were calculated with QCD sum rules,
and the obtained decay width is around 187 (213) MeV for the case P = + (P = −).
After the new pentaquark states Pc(4312), Pc(4440), and Pc(4457) were announced [68], Guo, Jing,
Meissner and Sakai suggested to search for the Pc(4457) in the J/ψ∆ mode in order to test its nature
[382]. If the state is a ΣcD¯
∗ molecule, the authors pointed out that the isospin breaking decay ratio
B(Pc(4457)→ J/ψ∆+)/B(Pc(4457)→ J/ψp) would be at the level ranging from a few percent to about
30%.
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10.4 A short summary
We give a short summary for the production and decay properties of the heavy tetraquark and
pentaquark states based on the recent studies in the literature.
• The X states. In the conventional charmonium picture, the X(3940) could be the ηc(3S) while
the X(4140) or X(4274) could be the χc1(3P ). In the molecule picture, the X(4160) could be a
D∗sD¯
∗
s molecule.
• The Y states. From the theoretical studies of production and decay, it seems that not all Y
states (Y (4008), Y (4220)/Y (4230), Y (4260), Y (4320), Y (4360), Y (4390), Y (4630), and Y (4660))
shall exist. The interference effects, coupled channel effects, or final state interactions may make
several genuine states behave like more resonance signals. Up to now, we have much deeper
understandings about the nature of X(3872) than 15 years ago, although more experimental mea-
surements are still needed. Different from the X(3872), the JPC = 1−− structures in the mass
region 4.0 ∼ 4.6 GeV seem more complicated and challenging. The conventional charmonium
states, theoretically expected but elusive hybrid charmonium mesons, and molecular states coin-
cide here. Do they mix? The nature of Y (4260) is still far from being understood, although it
was observed almost 15 years ago.
• The Zc and Zb states. The studies of productions and decays favor the molecule assignments for
the Zc(3900) and Zc(4020). Whether the Zc(4430) state is a molecule, a compact tetraquark, or
a structure induced by triangle singularity is still unclear. One cannot distinguish the nature of
Zc(4100) with the present experimental B decay data, either. Is it a P-wave D
∗D¯∗ resonance or a
state caused by final state interaction effects? The Zb(10610) and Zb(10650) should be the BB¯
∗
and B∗B¯∗ molecular states, respectively.
• The QQ¯qqq states. The Σ∗cD¯ and ΣcD¯∗ molecule assignments for Pc(4380) and Pc(4450), respec-
tively, can explain experimental measurements for their production and decay properties, although
their nonresonance interpretations cannot be excluded.
• So far, a large number of investigations on exotic productions have been presented in the literature
while the investigations on decays are still lacking. Further studies on decay properties of the exotic
hadrons, especially at the quark level, are necessary, which play a key role in understanding the
inner structures of the exotic states. On the experimental side, searching for expected multiquarks,
checking predicted features, and measuring more physical quantities are definitely needed.
• At present, all the multiquark candidates are produced at e+e−, e+p, pp, pA, and AA colliders.
Future pp¯, p¯A, and eA colliders are still under construction. Besides these collision processes,
the γγ, γA interactions, charmonia decays, bottomonia decays, B decays, and Λb decays are also
used to study the multiquark states. From the experimental fact that all the confirmed exotic
candidates were observed in the e+e− (γ∗), γγ, or hadron decay processes, it seems that producing
multiquark states in multiproduction processes is very difficult and undetectable [869, 741]. If this
is true, searching for the conventional bbb baryons should be more feasible and important than
searching for bbb¯b¯ compact states. The exotic hadrons we may observe in the near future would
be dominantly states in the charm sector. They are indeed the structures being studied at LHC
(see Table 26 of Ref. [870]).
11 Summary and perspective
At the end of this review, we would give a brief summary and perspective for the progress on the
multiquark physics. It is useful and instructive to recall the establishment of the quark model before
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we discuss the multiquark systems. The quark model was first proposed in 1964 to deal with the
classification of hadrons. In 1974, the discovery of the J/ψ meson gave the direct evidence for the
existence of the charm quark, which was known as “November Revolution”. Actually, the existence of
the charm quark was already predicted in the GIM mechanism before its observation [11]. The bottom
quark was discovered by E288 experiment in 1977 at Fermilab. After that, plenty of bound states and
excitations of the heavy mesons and baryons have been observed in the following decades [35]. We
show the roadmap of the conventional hadrons in Fig. 30.
Although we still can’t understand QCD confinement from the first principle, the quark model has
achieved indubitable success in systematizing the properties of mesons and baryons. For the exotic
hadron states such as the multiquark systems, one may turn to those phenomenological models for
help which are closely related to QCD since the rigorous solutions of soft QCD are still unavailable.
The interplay between the phenomenological models and experimental observations will also improve
their prediction capabilities. The discovery of the Ξcc(3621) in 2017 was a successful example for the
collaboration between experimenters and theorists. Inspired by this observation, one will further expect
the future discovery of the Ωccc baryon.
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Figure 30: The roadmap of the conventional hadrons.
Searching for the multiquark states is another central issue of the hadron physics. In the past
several decades, there accumulated abundant investigations on tetraquarks and pentaquarks based on
various phenomenological models. However, the progress was still rudimentary and far away from our
expectation due to the lack of the sufficiently accurate experimental results. The year of 2003 is very
important in the history of the exotic hadrons. Since 2003, lots of quarkonium-like XY Z states and
pentaquark Pc states have been observed in the modern facilities, such as BaBar, Belle, CLEO-c, D0,
CDF, BESIII, and LHCb etc.
The desires for the nature of these new hadron states have promoted the model building. Some
model predictions agree with the experimental data. For example, the masses of some XY Z states can
be reproduced in the tetraquark configurations. However, there are still many observables which can
not be computed accurately enough to be compared with the experimental measurements, e. g., the
branching fractions and decay widths for some important channels. Moreover, some new resonances
can usually be explained in different models, implying the present phenomenological investigations are
unable to distinguish their underlying structures. More efforts are needed to bring down the error bars
in future.
Nevertheless, we can still find some critical breakthroughs in the phenomenological aspect. The
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investigations for the doubly heavy tetraquarks with various methods such as the QCD sum rules [515],
CMI model [109, 166], LQCD [720], and the heavy-quark symmetry prediction [164] lead to consistent
predictions that the doubly bottom udb¯b¯ tetraquark states would probably be stable against the strong
interaction. Such an agreement may imply critical interaction mechanisms in these tetraquark systems,
which can be a breaking point for our understanding of the multiquark states. To date, most of the
multiquark candidates were observed in the charmonium sector, such as the hidden-charm XYZ states
and Pc pentaquark states. From the theoretical point of view, more tetraquark and pentaquark states
with different flavor and color structures and different quantum numbers should also be possible. In
the past several years, the authors have made some efforts along this direction. We predicted the
pentaquark states with hidden-charm and open-strange flavors. Based on the discovery of Ξcc(3621),
we studied the interactions between the Ξcc(3621) baryon and S-wave charmed mesons and predicted
the existence of the triply charmed pentaquark states.
Last but not the least, we shall emphasize the unique and pivotal role of the lattice QCD in the search
of the multiquark states. The lattice QCD simulations start from the first principle and can investigate
the few-hadron reaction processes and extract important information such as the resonance properties,
the hadronic interactions, scattering amplitudes, phase shifts, binding energies, mass spectra, decay
widths and so on. In the past few years, tremendous lattice results from quenched to unquenched calcu-
lations become accurate enough to be compared with both the experimental data and phenomenological
results. Especially the simulations using a large basis of operators including the multi-hadron opera-
tors have become a unique, vital and powerful tool to explore the near-threshold exotic states. Some
very successful examples include the lattice QCD investigations of the X(3872) and Zc(3900) states,
the doubly bottom tetraquark states, which provide very clear and intuitive picture of the underlying
structures of the exotic states. However, only the ηc−N and J/ψ−N scattering processes were studied
in lattice QCD for the pentaquark systems, which is far away from pinning down the existence of the
hidden-charm pentaquark states. In terms of LHCb’s recent discovery of the three hidden-charm pen-
taquark states, the lattice QCD simulations of the charmed baryon and anti-charmed meson are badly
needed. At the present stage, many lattice simulations were performed at the unphysically large pion
mass due to the expensive computational cost. However, the existence of the molecular type of exotic
hadrons is very sensitive to the pion mass since the pion exchange force decays exponentially with the
pion mass. Further dynamical lattice QCD simulations using ensembles with near-physical or even the
physical pion mass will be extremely valuable for the Pc systems. As shown in Fig. 31, the interplay
among experiments, phenomenological models and lattice QCD and their joint progress will definitely
sharpen our understanding of the new hadron spectroscopy and QCD itself.
When we were preparing this review, the LHCb Collaboration reported a new charmonium state
with JPC = 3−− via pp collision in the PHI-PSI 2019 workshop. The BESIII Collaboration has observed
the processes e+e− → pi+pi−ψ(3770) and D1(2420)0D¯0 + c.c. for the first time [871] and measured the
cross section of the process e+e− → ωχc0 [872], which provided new useful information to study the
XY Z states. Very recently, LHCb has observed CP violation in the charmed meson decays [873], which
is definitely an important milestone in the history of particle physics. These excellent observations at
LHCb demonstrated its distinguished performances and capabilities to study the exotic hadron states.
The Belle II Collaboration released the Belle II Physics Book [874] in 2018 and started to take data
with a fully instrumented detector in March, 2019. Although the main aim of Belle II experiment is
searching for CP-violation and revealing violations of the symmetry between particles and anti-particles,
it will also search for the exotic hadrons and make precision measurements of their properties. To some
extent, BelleII shall become a factory of the charmonium-like XY Z states. The BESIII experiment at
BEPCII will continue to contribute to the field of the XY Z states in the near future. They will perform
unique investigations on the XY Z states around
√
s = 4.2 GeV, 4.38 GeV and 4.6 GeV. Moreover, the
upcoming PANDA experiment will also study the multiquark and other exotic hadrons in future. The
coming decade shall witness a new landscape of the hadron spectroscopy.
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